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Abstract

This paper developsa modular synthesisalgorithm for timed circuits that is dramat-
ically acceleratedby partial order reduction. Each timed circuit module is speci�ed
using a level-ruled Petri net (LPN), a new type of Petri net that allows timing
constraints and Boolean level expressionsto be annotated betweeneach place and
transition. The algorithm synthesizeseach module in a hierarchical design indi-
vidually. It utilizes partial order reduction to reduce the state spaceexplored for
the other modulesby consideringa singleorder on independent enabledtransitions.
This approach better managesthe state explosion problem resulting in more than
an order of magnitude reduction in synthesis time. The improved synthesis time
enablesthe synthesis of a larger classof timed circuits than previously possible.
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1 In tro duction

In order to achievehigh performance,designersareexperimenting with aggres-
sive timed circuits [26,27,24,12]. Designingthesecircuits, however, in a fully
manual style is very di�cult; thus, CAD tools are essential for synthesis and
veri�cation. An important issuein developing such CAD tools is the avoid-
anceof state explosion.This paper presents two approachesto managingstate
explosion: �rst, a syntactic abstraction in the timed circuit speci�cation; and
second,an exact modular synthesis approach using partial order reduction.

Prior work has utilized a timed automaton to provide a low level model
for a circuit. It is a state based speci�cation languagewhere transitions
between states are governed not only by Boolean functions de�ned over in-
puts, but clock valuations too. Its expressivenesslends itself to veri�cation
[1,6,11,7,16,4,19]. The expressiveness,however, is not always required for syn-
thesis;thus, it needlesslycomplicatesthe analysisproblem. A Petri net based
representation is an alternative circuit model to a timed automaton. It is
a transition basedspeci�cation languagewhere transitions are governed by
time and the marked state of the net. Although it is less expressive than
timed automata, it is su�cien t for not only synthesis but also veri�cation
[5,13,25,29,30,23]. Its structure, however, becomesvery complicated when
modeling even simple logic functions [30]. This increasesthe sizeof the reach-
able state spaceand makesspeci�cation di�cult [2].

This paper useslevel-ruled Petri nets (LPNs) which are a hybrid of Petri
nets and timed automata. They are transition basedbut employ Boolean
functions. Unlike timed automata, the functions are only de�ned over inputs,
not inputs and clock valuations. Booleanfunctions area syntactic abstraction
in the model structure. Connectivity is no longer explicit in the edges,but
implied through the Booleanstate of the inputs. This reducesthe reachable
state spaceand simpli�es speci�cation. LPNs are a re�nement of TEL struc-
tures described in [2,3]. LPNs restrict con
ict to the Petri net formalism and
facilitate a partial order reduction on the reachable state space.

Partial order reduction is an important tool in mitigating state explosion
in veri�cation [9,28,15,17,4,19].Partial order reduction is applied to synthesis
in [25,31]. The approach in [25] is an unfolding technique that is applied
to untimed speci�cations. Not only is it not clear if the technique can be
e�cien tly applied to a timed model, the technique ignoreshierarchy in the
speci�cation; thus, it is limited in the size of systemsit can be applied to.
The approach in [31] exploits hierarchy in the speci�cation by applying a
partial order reduction to signalsnot on the interfaceof the target subcircuit.
It modi�es the partial order reduction method in [28,30] to always include
all allowed orders of signalson the interface and in the target subcircuit. It
then usesthe state spacebasedsynthesisapproach in [21] to producean exact
circuit. The work demonstratesa signi�cant reduction in running time for
state spaceexploration in the synthesisproblem and greatly increasesthe size
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of systemsthat can be analyzed. The approach, however, is tied to the time
Petri net. This negatively impacts the sizeof the reducedstate spacedue to
the structural complexity of the model.

The work in this paper extendsthe modular synthesis approach in [31] to
LPNs to further reducethe sizeof the reachablestate spacethrough syntactic
abstraction. It �rst presents a new timing analysisalgorithm for LPNs that
canbe applied to systemsthat are beyond the capacity of existing algorithms.
The new algorithm is required becauseexisting algorithms in [22,3]only sup-
port a partial order in timing information and not a partial order in the state
spaceexploration. The partial order in the timing information in [22,3] is
similar to that found in [4,19],and like the approach in [19] doesnot require
extra referenceclocks for synchronization. The basisfor the new algorithm is
actually presented in [19] and is basedsolelyon the time separationof transi-
tions, but an initial implementation on timed Petri nets in [18] shows it to be
incorrect for Booleanexpressionsand incomplete for partial order reduction;
thus, this work corrects the algorithm and completely derives the conditions
necessaryto preserve correctnessin the reduction. The partial order reduction
is restricted to safenetsandworks for any typeof choicestructure. The partial
order reduction usesuntimed methods from [28] and timed methods [30,4,19]
to determineindependencebetweentransitions. It augments thesede�nitions
to incorporate the notion of independencein the presenceof Boolean func-
tions. The de�nitions are not only tied to the structure of the net, but also
considerthe timing of transitions. This paper proves the modular synthesis
approach on LPNs to produce exact circuits when the net is free of time de-
pendent choice. The approach results in an order of magnitude reduction in
the time cost of synthesis and enablesthe synthesis of a larger classof timed
circuits than previously possible.

Interface abstraction is a common approach to reduce the cost of state
basedsynthesis by exploiting hierarchy in the speci�cation. As performing
the abstraction by hand is error prone,work in [32]automatesthe abstraction
process. It alters the actual system model by removing from it transitions
that are not on the interfaceof the target subcircuit. Although the simpli�ed
model structure reducesthe reachable state space,the approach is limited in
the transitions it can remove, is not e�cien t on speci�cations with Boolean
functions, and can produce nonexact circuits due to conservative timing be-
havior from the abstraction [32]. The work described in this paper doesnot
alter the speci�cation. It reducesthe state spaceby exploring a single �ring
order on independent transitions not in the target subcircuit.

This paper is organizedas follows. Section2 introducesLPNs. Section3
presents the newtimed state spaceexploration algorithm. Section4 formalizes
modular synthesis. Section5 describesa partial order reduction for synthesis,
and provesthat it is exact. The performanceof the proposedmethod is eval-
uated in Section6 using several examplesincluding an experimental pipeline
from IBM.
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2 Level-Ruled Petri Nets

Each timed circuit module is speci�ed usinga level-ruled Petri net (LPN). An
LPN is a pair M = (N; E) where N is an ordinary Petri net and E is the
level-ruled extension. A Petri net is a four-tuple N = (T; P; F; � o). T is a set
of transitions. P is a set of places.F � (T � P) [ (P � T) is the 
o w relation.
A marking is any subsetof places.The initial marking of N is speci�ed by � o.
For any transition t, � t = f p 2 P j (p; t) 2 F g and t� = f p 2 P j (t; p) 2 F g
denote the source places and the destination places of t respectively. Source
transitions and destination transitions are de�ned similarly.

A level-ruled extensionis a seven-tuple E = (I ; O; � o; wire; Eft; Lft; Lsat). I
and O are �nite setsof input and output wires, respectively. � o is the initial
Boolean state of the wires in O. Note that the initial value of a wire in I
must be de�ned by someother module that producestransitions on that wire.
The function wire : T ! (O � f + ; �g ) [ T is a mapping from transitions in
N to transitions on wires in O. A transition on a wire u 2 O can be rising
(u+) or falling (u� ) to changeits Booleanstate. If a transition is not a rising
or falling transition on a wire, then the function returns the transition itself.
Although such a transition doesnot a�ect the state of the output wires, it does
a�ect the state of the net. Again wires in I are not mapped to transitions as
input behavior must be de�ned by someother module. At times, the function
wirename(t) may beusedinsteadwhich returns the nameof the wire associated
with the event t or it returns the transition itself (i.e., if wire(t) = u+, then
wirename(t) = u; and if wire(t) = t, then wirename(t) = t). R = F \ (P � T)
is a set of rules. For any rule r = (p;t) 2 R, � r = p and r � = t are the
source place and destination transition of r respectively. Let

� + be the set
of nonnegative rational numbers. Eft : R !

� + and Lft : R !
� + [ f1g

are functions that return the earliest and latest �ring times of rules such that
Eft(r ) � Lft(r ) for all r 2 R. Lsat : R ! (f 0; 1gjI [ Oj ! f true; falseg) assignsa
Boolean function to each rule. This paper restricts the Boolean functions to
be simple conjunctions or disjunctions of signal values.

Fig. 1(a) shows an LPN that describes the behavior of an OR gate with
inputs a and b and output c. This LPN includestwo transitions on the output
signalc, namely tc+ and tc� . In the initial state, the signalc is low. There are
two rules in this LPN. The rule from pc� to tc+ is annotated with an earliest
�ring time of 6, latest �ring time of 9, and a level expressionof a _ b. The
rule from pc+ to tc� , similarly, is annotated with a earliest �ring time of 6
and latest �ring time of 9, and an expression: a^ : b. Fig.s 1(b) and (c) show
LPNs that describe the behavior of the two inverting gatesthat take c as an
input and produceoutputs a and b.

A timed circuit speci�cation is de�ned by a collection of modules M =
f M 1; M2; � � � ; M ng whereeach module Mk is de�ned by an LPN, (Nk ; Ek). A
collection of modules, M , must be disjoint, which meansthat for any i and
j such that i 6= j , Ti \ Tj = ; , Pi \ Pj = ; , and Oi \ Oj = ; . A disjoint
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Fig. 1. (a) An OR gate with inputs a and b and output c. (b) An inverter with
input c and output a . (c) An inverter with input c and output b. (d) The circuit
synthesized(a), (b), and (c).

collection of modules can be represented using a single LPN of the following
form: (

S n
i=1 Nk ; E 0) whereeach element of E0 is simply the union over all the

modules except I 0, which equals
S n

i=1 I k �
S n

i=1 Ok . In other words, a signal
is no longer consideredan input if it is an output in a constituent module.
A collection of modules is closed when I 0 = ; . The behavior of every wire
is de�ned by someLPN in a closedset of modules. The remainder of this
paper assumesthat all circuits of interest are de�ned by a disjoint and closed
collection of modules. This is a requirement of the analysisproceduresin this
paper. The implications of a closedsystemis that the output to input causality
is known for each signal in the module. The modulesshown in Fig.s 1(a), (b),
and (c) form a disjoint and closedcollection of LPNs. The synthesizedcircuit
from this collection of modules is shown in Fig. 1(d).

A timed state � of an LPN is a three-tuple (�; � ; clock) where� is a marking,
� is a Booleanstate, and clock : R !

� + is a function that recordsthe time
a rule hasbeenenabled.The initial state � o is (� o; � o; clocko) where� o in the
initial marking, � o is the initial Booleanstate, and clocko(r ) = 0 for all r 2 R.

A rule r 2 R is said to be level-satis�ed in the state � , de�ned over O, if
Lsat(r )( � ) = true. A rule r is said to be enabled if its sourceplace is in the
marking (� r 2 � ), and it is level-satis�ed in the Booleanstate (Lsat(r )( � ) =
true). Let Ren(�; � ) return the set of enabledrules given � and � , and R(t) =
f r 2 R j r � = tg return the set of rules for transition t. A transition is said
to be enabledin the marking � at the Boolean state � if all of its rules are
enabled(R(t) � Ren(�; � )). Let enabled(�; � ) be an ordered set of enabled
transitions given � and � . For the initial state shown in Fig. 1, with a and
b initially high and c low, the only enabledtransition is tc+ . Transitions tb�

and ta� are not enabledbecausec is low.
The state of an LPN can changeif time passesor a transition �res. Time

� 2
� + can passin � = (�; � ; clock) if for all t 2 enabled(�; � ) there exists

a rule r 2 R(t) such that clock(r ) + � � Lft(r ). Note that a rule is said
to expire if it exceedsits latest �ring time. This formalism allows rules for
enabledtransitions to expire as long asa singlerule exists for each transition
that can accept� without expiring. The new timed state is derived from � as
� 0 = (�; � ; clock0) where � and � are the marking and Boolean state from � ;
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and clock0(r ) = clock(r ) + � for all r 2 Ren(�; � ). In the initial timed state for
the example,time can be allowed to advanceup to 9 time units. After 9 time
units, the rule enabling tc+ expires;thus, tc+ is forced to �re.

The transition t f 2 T can �re in � = (�; � ; clock) if two conditions
hold: �rst, t f 2 enabled(�; � ); and second,every r 2 R(tf ) is satis�ed (i.e.,
clock(r ) � Eft(r )). The new state is derived from � as � 0 = (� 0; � 0; clock0)
where� 0 = (� � � t f ) [ t f � , for all u 2 O,

� 0(u) = update(t f ; � )(u) =

8
>>><

>>>:

1 if wire(t f ) = u+

0 if wire(t f ) = u�

� (u) otherwise :

and for all r 2 R,

clock0(r ) =

8
<

:

clock(r ) if r 2 (Ren(�; � ) \ Ren(� 0; � 0))

0 otherwise :

In this formalism, the �ring of a transition consumesno time. It only updates
the marking, the Booleanstate, and the clock function. In the caseof �ring
t f from � above, � is updated to remove sourceand to add the destination
placesof t f to get � 0; � 0 is the new Boolean state of the system after �ring
t f , which is unchanged if wire(tf ) = t f ; and rules that are still enabled in
the new state keep their sameclock valueswhile all other rules are reset. A
Petri net is safe if for each reachable marking from the initial state and for
each transition t enabled in each reachable marking the following condition
holds: (� � � t) \ t� = ; . A safenet doesnot have a marking in its reachable
marking set that enablesa transition that when �red, the marking update
adds to the new marking a place that already exists in the current marking.
In practice, this restriction hasnot impacted the type of systemsthat can be
analyzedusing this approach. Firing tc+ from the initial marking shown in
Fig. 1, createsthe new timed state where the marking is f pc+ ; pa+ ; pb+ g, the
Boolean state is (1; 1; 1), and the clock function remains unchanged except
that clock((pc� ; tc+ )) = 0.

3 Timed State Class Construction

A timed state class (TSC) is a �nite representation of an in�nite number of
timed states. It is usedto capture the in�nite behaviors of an LPN. A TSC
for an LPN M = (N; E) is a three-tuple s = (�; � ; Z ) where� is the marking,
� is the current Booleanstate of the wires, and Z is a set of relations called a
zonethat represents a set of clock functions [8]. A relation in Z has the form
ta � tb � c whereta and tb are transitions from N , and c is a rational number.
The relation is understood to meanthat the time at which ta �red minus the
time at which tb �red is lessthan or equal to c; thus, it represents the time
separationbetweenta and tb. A timed state classtransition is the three-tuple
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(s; t; s0) denotedass t! s0, and it meansthat from the TSC s, transition t �res
to move the systemto the TSC s0. The TSCs are constructedsuch that for a
timed state � of M , if a transition t can �re from � after passingsometime �
to obtain a new state � 0, then there exists a TSC transition s t! s0 such that
� 2 s and � 0 2 s0. A timed state classsequence (TSCS) is a connectedset of
TSC transitions starting from the initial TSC of the system. This is written
as � = so

t1! s1
t2! � � � si � 1

t i! si � � � tn! sn . The notation si � 1
t i! si 2 � means

that the timed state transition si � 1
t i! si is found in the TSCS � as shown

above. This notation is alsousedfor a set of TSCSs.
Let T (M ) denote the set of all TSCSsallowed by M = (N; E), a closed,

disjoint LPN. This set is constructed starting from the initial TSC of M .
Recall that N = (T; P; F; � o) and E = (I ; O; � o; wire; Eft; Lft; Lsat). The initial
TSC of M is so = (� o; � o; Zo). � o and � o aretakendirectly from M . The initial
zoneZo is a set of inequalities relating all the transitions that must have �red
to create the initial marking. Let T(� o) be the set of these transitions such
that t 2 T(� o) if there exists p 2 � o such that t 2 � p. If this set contains
multiple transitions, than one is randomly chosento create the initial zone.
The transitions in T(� o) are assumedto have �red at the sametime to create
the initial marking; thus, Zo contains a relation ta � tb � 0 for all pairs of ta

and tb whereta 2 T(� o) and tb 2 T(� o).
The function �nd (M ; s;T ) in Algorithm 1 createsT (M ) usingbourneagain

POSET (BAP) timing analysis. BAP implements a partial order reduction in
the zonesof each TSC. This reducesthe number of TSCs neededto capture
all the behaviors of the LPN [4,19,22,3]. The BAP algorithm, however, only
supports simple conjunctive or disjunctive expressions.This meansthat any
level expressioncan be a single conjunctive expressionof any size, or it can
be a disjunctive expressionwith a singlewire in each conjunctive member. If
an LPN contains a disjunctive expressionwith multiple wires in a conjunctive
member of that expression,then the BAP analysisbelow is not exact. It can
miss reachable TSCs. This paper is restricted to LPNs with this property.

The �nd (M ; s;T ) function is calledwith an LPN M , s = so, and T = ; to
start at the initial TSC, and it returns the set of all possiblestate transitions
from which it is possibleto construct T (M ). The function �nd (M ; s;T ) and
its varioussupport functions are best understood by example. Consideragain
the systemin Fig. 1. Assumethat the function �nd (M ; s;T ) is started from
the initial TSC of the system in Fig. 1; thus, s0 = (� 0; � 0; Z0) with � 0 =
f pa+ ; pb+ ; pc� g, � 0 = (1; 1; 0) wherethe order is (a;b;c); Z0 = f 0 � ta+ � tb+ �
0; 0 � tc� � ta+ � 0; 0 � tc� � tb+ � 0g; 6 and T = ; .

The function �nd (M ; s;T ) �rst calls the function �reable(M ; s) shown in
Algorithm 2. This function returns the set of transitions that can �re con-
currently from s. This meansthat every transition tf 2 �reable(M ; s) can �re

6 The two inequalities ta � tb � c1 and tb � ta � c2 can be expressedas � c1 � tb � ta � c2

where c1 and c2 are rational numbers. This transformation is usedfor all zones.
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Algorithm 1 �nd (M ; s;T )
for all t f 2 �reable(M ; s) do

for all s0 2 successor(M ; tf ; s) do
s0 = removenon causal(M ; s0)

if ((s
t f! s0) =2 T ) then

T = T [ f (s
t f! s0)g

T = �nd (M ; s0; T )
end if

end for
end for
return T

Algorithm 2 �reable(M ; s)
Ten = enabled(� (s); � (s))
if (j Ten j= 1) then

return Ten

end if
Tf = ;
for all Cg 2 causalgroupings(Ten) do

for all Ca 2 causalassignments(Cg; Z (s)) do
Z = set order(Cg; causalgroupings(Ten); Z (s))
Z = set min separations(Cg; Ten; Z )
Z = set max separations(Ca; Ten; Z )
if (valid(Z ) = true) then

Tf = Tf [ can �re �rst (Ten; Z )
if (Tf = Ten) then

return Tf

end if
end if

end for
end for
return Tf

beforeall other transitions in �reable(M ; s). The function beginsby deriving
the set of enabledtransitions in s. The helper functions � (s) and � (s) return
the marking and Booleanstate respectively from the TSC s = (�; � ; Z ) that
is passedin on the parameter list. 7 As �reable(M ; s) is called with s = so in
this example,Ten = f tc+ g. At this point the function returns the enabledset
Ten to �nd (M ; s;T ) as it contains a singleenabledtransition tc+ .

The function �nd (M ; s;T ) then computesall successorTSCs that result
from �ring tc+ by calling the function successor(M ; tc+ ; s) shown in Algo-

7 This notation is a type for how members are referencedin a tuple when only a symbol is
presented and is usedthroughout the rest of this presentation.
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Algorithm 3 successor(M ; t f ; s)
S = ;
� = (� (s) � � t f ) [ t f �
� = update(t f ; � (s));
for all cg 2 causalgroupings(t f ) do

for all tc 2 causalassignments(cg; Z (s)) do
Z = set order(cg; causalgroupings(t f ); Z (s))
Z = set min separations(cg; t f ; Z )
Z = set max separations(tc; t f ; Z )
if (valid(Z ) = true) then

S = S [ f (�; � ; Z )g
end if

end for
end for
return S

rithm 3. The function beginsby creating an empty set S to hold the successor
TSCsof s and by updating the marking and Booleanstate to re
ect the �ring
of tc+ . The function then beginsto considersuccessorTSCs from s by look-
ing at the causalassignments to tc+ in each of its causalgroupings. Each of
the causalassignments in each of the causalgrouping can potentially createa
unique successorTSC to s.

A causal grouping for a transition t is a set of transitions that must have
�red for t to be enabled. For a transition tc to be in a causalgrouping for
t, it must be either place or level causal to t. A transition tc is said to be
place-causal to t if tc is directly connectedto t, which meansthat there exists
a placep 2 � t such that tc 2 � p. A transition tc is said to be level-causal to t,
a transition that is enabledin the TSC s, if tc is a transition that causesa rule
for t to be level-satis�ed, which meansthat there exists a rule r 2 R(t) and
a transition t0 2 T such that wirename(t0) = wirename(tc), wire(t0) 6= wire(tc),
Lsat(r )( � (s)) = true, and Lsat(r )( � 0) = falsewhere � 0 = update(t0; � (s)). Let
causalgroupings(t) be the set of all causalgroupingsfor transitions t. A tran-
sition can have multiple causalgroupingsif it is connectedto any place that
has two sourcetransitions or if it has a disjunctive level expressionon any of
its rules. The function causalgroupings(tc+ ) in this examplereturns two causal
groupingsfor tc+ : f tc� ; ta+ g and f tc� ; tb+ g. The disjunctive level expression
a _ b on its rule createsthe two groupings. The causalgroupingsimply that
either tc� and ta+ or tc� and tb+ are required to �re tc+ .

A causalassignmentto a causalgrouping for a transition t is the selection
of a transition in the causalgrouping that is usedto determinethe separation
between t and the other transitions in the causalgrouping. In the LPN se-
mantics, an enabledtransition t can �re assoon aseach of its rules is satis�ed,
which meansthat each of the rules r 2 R(t) has beenenabledat least Eft(r )
time units. When this condition is met, then the latest time that transition t
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can �re is at the latest �ring time of oneof its rulesbecauseit must �re before
all of them expire. This meansthat for any rule r 2 R(t), transition t could
�re up to Lft(r ) time units from becomingenabled;thus, a causalassignment
tc to t implies:

(i) the �ring of tc causeda rule in r 2 R(t) to becomeenabledeither through
a level or a place;and

(ii) the �ring of t happensup to Lft(r ) time units after tc.

Let causalassignments(cg; Z ) be the set of transitions from cg such that each
transition exists in a relation in the zone Z . If a transition for a potential
causalassignment is not found in any relation Z , then it is assumedto not be
causalin Z ; thus, it is not considered.Given that the initial zoneZ contains
relations for all transitions, there are two causalassignments for each grouping
f tc� ; ta+ g and f tc� ; tb+ g in the example. All of thesecausalassignments must
be consideredsinceeach valid onecan createa unique successorstate from s.

A causalgrouping and assignment determine the orders and separations
amongsttransitions in the zone,as well as the transitions being addedto the
zone. Let cg be a causalgrouping for an enabledtransition t, and let Z be
a zone. The set order(cg; causalgroupings(t f ); Z ) function changesrelations in
Z to order the level-causaltransitions of cg to occur before the level-causal
transitions in the other causalgroupingsof t f . This orderingensuresthat each
grouping is actually causalin Z . This ordering is not required for place-causal
transitions becauseof the one-safeproperty of the LPNs. If there exists a
placein an LPN that hasmultiple sourcetransitions creating multiple causal
groupings,then only oneof thosesourcetransitions exists in the zonefor the
LPN to be one-safe.

For the exampleof tc+ �ring from the initial state, let the causalgrouping
cg be f tc� ; ta+ g. In this case,the set order function doesnot needto change
any relations in Z to order the level-causaltransitions ta+ and tb+ because
all transitions �re at the same time to create the initial zone; thus, both
groupingsenabletc+ at the sametime. If the zoneZ , however, were given as
f� 2 � tb+ � ta+ � 2g, then the call to set order would changethe zoneZ to
f 0 � tb+ � ta+ � 2g, which meansthat tb+ always �res betweenzeroand two
time units after ta+ ; thus, the f tc� ; ta+ g groupingalways causestc+ to become
enabledfrom this zone. The set order function only changesrelations in the
zone. It doesnot add any new relations. If a transition doesnot exist in any
relation in the zone,then it is not orderedin the zoneby set order.

The earliest that a transition can �re from a zoneis when all of its rules
are satis�ed. In the example, the earliest that tc+ can �re is six time units
after tc� has �red and its expressiona _ b evaluates to true; thus, there is
at least a six time unit separation between the �ring of tc+ and tc� , ta+ ,
and tb+ . If there had beenanother rule feedinginto the tc+ transition, then
any transition associated with that rule would also set a minimal separation
on tc+ . In the LPN semantics, a transition cannot �re unless its rules are
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all either satis�ed or expired. Let cg be a causal grouping for an enabled
transition t, and let Z be a zone. The function set min separations(cg; t; Z )
adds the necessaryrelations to Z to force the �ring of t to be delayed until
each of its rules are satis�ed. Consider again the exampleof �ring tc+ from
the initial zoneZ = f 0 � ta+ � tb+ � 0; 0 � tc� � ta+ � 0; 0 � tc� � tb+ � 0g.
Let the causal grouping cg be f tc� ; ta+ g. The set min separations(cg; tc+ ; Z )
function adds two relations to Z : 6 � tc+ � tc� and 6 � tc+ � ta+ . These
relations set the separationbetweentc+ and the two transitions tc� and ta+ to
be at least six time units accordingto the rule for tc+ ; thus, regardlessof the
causalassignment to tc+ in the causalgrouping, the zonecontains relations
to satisfy its rule. If the zoneZ , however, is given as f� 2 � tb+ � ta+ � 2g,
then set min separations(cg; tc+ ; Z ) will only add the 6 � tc+ � ta+ relation
to Z becausethe tc� transition is not in Z . When a transition from a causal
groupingis missingin the zone,then no relationsareaddedfor that transition.

The latest time that a transition can �re from a zone is before all of its
rules expire. This means that a transition can potentially �re at the lat-
est �ring time of any of its rules. Let tc be the causal assignment for an
enabled transition t, and let Z be a zone. The set max separations(tc; t; Z )
function addsa relation to Z to set the latest �ring of t relative to tc accord-
ing to the latest �ring time on the rule associated with t and tc. Consider
the exampleof �ring tc+ from the initial zoneZ = f 0 � ta+ � tb+ � 0; 0 �
tc� � ta+ � 0; 0 � tc� � tb+ � 0g in the successor(M ; tc+ ; s) function. Let
the causalgrouping cg be f tc� ; ta+ g and the causalassignment be ta+ . The
set max separations(ta+ ; tc+ ; Z ) function adds the relation tc+ � ta+ � 9 to
Z . The �nal state of Z in successor(M ; tc+ ; s) for the given causalgroup and
assignment after set order, set min separations, and set max separationsis

8
>>><

>>>:

0 � ta+ � tb+ � 0; 0 � tc� � ta+ � 0;

0 � tc� � tb+ � 0; 6 � tc+ � tc� � 1 ;

6 � tc+ � ta+ � 9;

9
>>>=

>>>;

:

If the function successor(M ; tc+ ; s), however, is called from the initial marking
and Booleanstate, but with the zoneZ = f� 2 � tb+ � ta+ � 2g, then the �nal
state of Z after set order, set min separations, and set max separations for the
samecausalgroup and assignment is f 0 � tb+ � ta+ � 2; 6 � tc+ � ta+ � 9g.

The set max separations(tc; t f ; Z ) function is conservative under timed de-
pendent choice semantics. Time dependent choice (TDC) semantics resolve
con
ict through time. Considerthe LPN shown in Fig. 2(a) wheret1 con
icts
with t3. The event t3 never �res in this LPN. The state reachedafter t2 is �red
cannot time transition more than 9 time units without being forcedto �re t1;
thus, the LPN semantics implement TDC resolutionby default. Considernow
the choice construct in Fig. 2(b). In this construct, both t1 and t3 are again
enabled,only this time the �ring of t3 can never happen at the latest �ring
time of its rule. This is becauset1 is forcedto �re beforeits rule expires,and
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Fig. 2. A timing that allows (a) only t1 to �re and (b) both t1 and t3 to �re.

the Lft(t1) � Lft(t3). In this case,set max separations(t2; t3; Z ) will allow t3 to
�re at its latest �ring time; thus, it is conservative.

Invalid causalassignments are identi�ed when the zoneresulting from the
addedordering relations and separationsfor that causalgrouping and assign-
ment is put into its canonicalform. The canonicalform for a zoneis obtained
by applying a shortest-path algorithm to the graph structure implied by its
set of relations whereeach transition appearing in any relation of Z is a node
of the graph, and the nodes are connectedby their de�ned separationsas
weighted directed edges. If two nodes in the zoneare not related by an in-
equality, then their separation is in�nite. A zone is said to be valid if no
negative weight cycles exist in the graph structure implied by its set of re-
lations. Let the function valid(Z ) put the zoneZ in its canonical form and
return true if its canonicalform is valid, otherwiseit returns false. If a causal
assignment to t prevents a rule r 2 R(t) from being enabledfor at least Eft(r )
time units, then valid(Z ) will return falsebecausea negative weight cyclewill
exist. The successor(M ; tf ; s) function adds to the set S all valid states from
all causalgroupingsand assignments for t f .

The function successor(M ; s; tc+ ) called from the initial state returns a
single successorstate from �ring tc+ . This state is given as s0 = (� 0; � 0; Z 0)
where� 0 is (pa+ ; pb+ ; pc+ ), � 0 is (1; 1; 1), and Z is

8
>>><

>>>:

0 � ta+ � tb+ � 0; 0 � tc� � ta+ � 0;

0 � tc� � tb+ � 0; 6 � tc+ � tc� � 9;

6 � tc+ � ta+ � 9; 6 � tc+ � tb+ � 9

9
>>>=

>>>;

:

All causalgroupingsand assignments lead to this state becauseta+ , tb+ , and
tc� �red at the sametime in the initial state. The zone in this new state,
however, contains relations that are not important to successorstatesderived
from �ring transitions in this new state. As an example,any relation on the
�ring time of tc� is no longerusefulasit is not usedby any transition enabled
in the new state. The number of TSCs required to capture all behaviors of
an LPN can be reducedif unnecessaryrelations are removed from the zonein
each successorstate. The function removenon causal(M ; s0) in �nd (M ; s;T )
deletesrelations from the zonein s0 that are no longer required to derive new
future states from s0.

Consider the new state s0 = (�; � ; Z ) generatedfrom �ring tc+ from the
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initial state of the LPN in Fig. 1. The function removenon causal(M ; s0) in
this exampleremovesfrom Z(s0) the relations for the transitions tc� , ta+ , and
tb+ . The new zoneZ0 in s0 is f 0 � tc+ � tc+ � 0g. The relations involving tc�

are removed becausetc� is not neededin a causalgrouping for any enabled
event. The relations involving ta+ and tb+ are removed becausethe relations
in Z 0 indicate that ta+ and tb+ cannever be causalto ta� and tb� respectively.
This is becausetc+ always �res at least six time units after ta+ and tb+ ; thus,
the rules for ta� and tb� can never becomeenableddue to the �ring of ta+ or
tb+ respectively.

The new TSC from �ring tc+ is added to T in �nd and the recursive call
is madeto compute the set of �reable events from this new TSC. The Ten set
in this caseis f ta� ; tb� g; thus, the function must explorethe causalgroupings
and assignments for thesetransitions to �nd those that can �re concurrently
from s. The functions from Algorithm 3 are extended to sets to derive this
set of transitions. For an ordered set of transitions, Ten = (t1; t2; � � � ; tn ),
let causalgroupings(Ten) be the set of all possible combinations of causal
groupings for transitions in Ten, which means that causalgroupings(Ten) =
� t2 Ten (causalgroupings(t)) where � is the Cartesian product; therefore, If
Ten = (t; u) and causalgroupings(t) = ff a1; a2g; f b1gg and causalgroupings(u)
= ff c1; c2g; f d1gg, then

causalgroupings(Ten) = f (f a1; a2g; f c1; c2g); (f a1; a2g; f d1g);
(f b1g; f c1; c2g); (f b1g; f d1g)g;

thus, every combination of causalgroupingsis considered.For Ten = (ta� ; tb� )
in this example,causalgroupings(Ten) is f (f ta+ ; tc� g, f tb+ ; tc� g)g becausethere
is a singlecausalgrouping for ta� and tb� . The Cg set is one combination in
causalgroupings(Ten). The function causalassignments(Cg; Z (s)) returns all
combinations of causalassignments to the combination of causalgroupingsin
Cg. For Ten = (t; u), Cg = (f a1; a2g; f c1; c2g), and Z containing relationsfor all
of the transitions in Cg, causalassignments(Cg; Z ) = f (a1; c1), (a1; c2), (a2; c1),
(a2; c2) g. For Ten = (ta� ; tb� ), its single causalgrouping, and the zonecon-
taining only tc+ , causalassignments(Cg; Z (s)) = (tc+ ; tc+ ) becauseta+ and tb+

are not found in Z . The set order, set min separations, and set max separations
functions are extendedin a similar manner, only thesefunctions do not con-
sider all combinations. Rather, they can be de�ned to considereach member
of the Ten set separately; thus, the set order function orders the level-causal
signalsin its causalgroupingin Cg to occur beforethe level-causalsignalsin all
of its other causalgroupings. The set min separationsand set max separations
functions follow similarly. The resulting valid zone in its canonical form
for this example after set order, set min separations, and set max separations
is f 4 � ta� � tc+ � 6; 4 � tb� � tc+ � 6; � 2 � ta� � tb� � 2g.

The function can �re �rst (Ten; Z ) in Algorithm 2 returns the set of transi-
tions from Ten that can �re concurrently from Z. This set is derived from the
relations in Z . For each transition t f 2 Ten, the can �re �rst function examines
all relations t � t f � c in Z where t 2 Ten. If c � 0 in each of theserelations,

13



Mer cer

f pa+ ; pb+ ; pc� g 110

f pa+ ; pb+ ; pc+ g 111

f pa � ; pb � ; pc+ g 001

f pa � ; pb � ; pc� g 000

c�

b+

a�b �

c+

a�

a+

b �

b+

f pa+ ; pb � ; pc� g 100

a+

f pa � ; pb+ ; pc� g 010

f pa+ ; pb � ; pc+ g 101f pa � ; pb+ ; pc+ g 011

f pa+ g 10

f pa+ g 11

f pa � g 00

f pa � g 01

a+

c+

a�

c�

f pa+ ; pb+ ; pc� g 110

f pa+ ; pb+ ; pc+ g 111

f pa � ; pb � ; pc+ g 001

f pa � ; pb � ; pc� g 000

c�

b+

a�

c+

a+

b�

b+

f pa+ ; pb � ; pc+ g 101

a+

f pa � ; pb+ ; pc� g 010f pa+ ; pb � ; pc� g 100

(a) (b) (c)

Fig. 3. (a) The set of TSCs found by regular synthesis. (b) The reduced set of
TSCs for Fig. 1(b). (c) The set of TSCs found by modular synthesis.

then t f can �re beforeall other enabledtransitions; thus, t f is added to the
return set. For this example,can �re �rst (Ten; Z ) returns f ta� ; tb� g becauseof
the � 2 � ta� � tb� � 2 relationsdenotingthat ta� and tb� canhappenin either
order within two time units of each other. The �reable(M ; s) function adds
this set to the set of concurrently �reable events and returns to �nd (M ; s;T ).
Although this examplecontains a single combination for its causalgrouping
and assignment, other exampleshave many combinations; thus, if Tf = Ten

the algorithm returns Tf to stop the exploration processas shown above.
Applying �nd (M ; s;T ) to the collection of modules shown in Fig. 1 �nds

eight TSCs with ten TSC transitions. The reachable states are shown in
Fig. 3(a) with the timing information omitted.

4 Synthesis of Timed Circuits

Considera set M = f E; S1; � � � ; Si ; � � � ; Sng of moduleswhich is closed,where
E is the environment of the whole circuit and Si is a speci�cation of the i -th
subcircuit. Let Si = (N i ; E i ). The goalof modular synthesis is to synthesizea
subcircuit speci�ed by Si . Note that this method expectsthat the synthesized
subcircuit works correctly with respect to Si in M . It may, however, work
incorrectly with respect to Si in a di�eren t module set; thus, the synthesis
proceduredependson the behavior of the other modulesE, S1, � � �, Sn .

For a set T of TSCSsand a module Si , a reduced state graph is as follows:

rsg(T ; Si ) = f (proj(s;Si ); t; proj(s0; Si ))

j t 2 Ti _ wirename(t) 2 I i ; s t! s0 2 T g

where proj(s;Si ) results in an untimed state that includes a marking with
only placesfrom transitions in Si and a state vector composedof only the
valuesof input and output wires in Si (i.e., proj(s;Si ) = (� \ Pi ; � j I i [ Oi ) for
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s = (�; � ; Z )). This represents the set of untimed state transitions projected
to Si that occur in T , and changethe valuesof wires in Si ; thus, rsg(T ; Si )
speci�es a state graph of Si the doesnot include any timing information. If
Si is selectedto be the module shown in Fig. 1(b), then applying rsg(T ; Si )
to the state graph in Fig. 3(a) would result in the state graph in Fig. 3(b).

Let T (M ) denote the set of TSCSs of M such that every TSCS starts
from the initial TSC s0 of M . A modular synthesiswith respect to Si in M is
doneby applying a synthesis algorithm for timed circuits in [21], denotedby
synthesis, to rsg(T (M ); Si ). Hence,Ci = synthesis(rsg(T (M ); Si )) is our goal.

If we considerf S1; � � � ; Sng to be one module and assumethat there are
no internal signals in the environment, it is equivalent to the non-modular
synthesismethod. In modular synthesis,the state graphs(i.e., rsg(T (M ); Si ))
are much smaller than those for non-modular synthesis, becausemany vari-
ablesare projected out in rsg(T (M ); Si ). In order to obtain T (M ), however,
this method has to generatethe full state spaceof the system, even if one
subcircuit Si is being consideredat a time; thus, as long as this method uses
T (M ), there is no advantage to modular synthesis. This paper proposesan-
other approach to generatea reducedstate spaceTSi (M ) by meansof a partial
order reduction. The advantagesof the partial order approach are two-fold:
�rst, concurrent orders of invisible behavior are not considered;and second,
an optimal circuit is always synthesized.The disadvantageof the partial order
approach is that a portion of the invisible behavior still needsto beconsidered.
Note that it is possibleto apply the abstraction technique and then to apply
the partial order reduction.

5 Partial Order Reduction

This sectionextendsthe partial order reductionalgorithm shown in [4,19,28,31]
so that it can handle LPNs for synthesis of timed circuits.

T (M ) is obtained by �ring every possibleoutput transition from every
reachabletimed stateclass.This total order exploration algorithm often su�ers
from the state explosion problem. A partial order exploration algorithm
generatesa set of reducedTSCSswith respect to Si that still has su�cien t
information to synthesizea correct circuit for Si .

In order to explain the proposedidea more formally, this section de�nes

project. For a TSCS s t! s0 t0

! � � � with s = (�; � ; Z ) and a speci�cation Si ,

project(s t! s0 t0

! � � � ; Si ) =8
<

:

proj(s;Si )
t! Y if t 2 Ti _ wirename(t) 2 I i

Y else
;

where Y = project(s0 t0

! � � � ; Si ). This de�nition can also be extendedfor a
set of TSCSs. The project function removes from T (M ) any transition not
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Fig. 4. An LPN fragment where t1 and t2 are (a) independent, (b) in place-con
ict,
and (c) in level-con
ict.

related to Si . It is subtly di�eren t from the rsg(T (M ); Si ) function it that it
preserves timing information where the other removes timing information to
get the untimed subsetof T (M ).

Now, for a given set M of modules and a module Si for the speci�cation
of the target subcircuit, modular synthesisconstructsa set TSi (M ) of reduced
TSCSssuch that the following proposition holds.

Prop osition 5.1 project(T (M ); Si ) = project(TSi (M ); Si ).

If this proposition holds, then the following theorem can be proven showing
the proposedmethod givesthe samesolution as the method in Section3.

Theorem 5.2 rsg(T (M ); Si ) = rsg(TSi (M ); Si ).

Pro of. Suppose (proj(s;Si ); t; proj(s0; Si )) 2 rsg(T (M ); Si ); thus, there ex-
ists a TSCS � = s0

t1! � � � s t! s0� � � in T (M ) such that either t 2 Ti or
wirename(t) 2 I i . From Property 5.1, there also exists a TSCS � 0 in TSi (M )
such that project(�; Si ) = project(� 0; Si ); thus, (proj(s;Si ); t; proj(s0; Si )) 2
rsg(TSi (M ); Si ). The other direction can be proven similarly. 2

Next, this sectionshows how to construct TSi (M ) such that Property 5.1
holds. The idea of partial order reduction is to prune somesuccessortimed
state classesduring state spaceexploration. This meansthat some�ring or-
dersbetweentransitions areomitted. If some�ring ordersbetweentransitions
in Ti are missed,however, then Property 5.1 does not hold; thus, modular
synthesishasto guarantee that every possible�ring order betweentransitions
on signals in Si is generated. Let function visible(Si ) return the set of these
transitions.

visible(Si ) = f t j t 2 Ti _ wirename(t) 2 I i g

Consider the simple example net shown in Fig. 4(a). If t1 and t2 are both
visible transitions, then both orderings are important and ignoring one of
them would result in an incorrect circuit.

Supposethat t1 and t2, which are outside Si , are in con
ict (i.e., only t1

or t2 can occur). If �ring t1 is missedin TSi (M ), then the behavior of Si that
is causedby the descendant of t1 may be missedtoo. This results in a wrong
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subcircuit. The function con
ictp(t) returns the place-con
icts for t.

con
ictp(t) = f t0 j � t \ � t0 6= ; ; t0 6= tg

An example of a place con
ict is shown in Fig. 4(b). The �rings of t1 and
t2 must be interleaved or behaviors of Si may be missed. This can result
in an incorrect circuit. For the LPN in Fig. 4(b), con
ictp(t1) = f t2g and
con
ictp(t2) = f t1g).

A level expressionmay also createcon
ict. If the �ring of a transition t1

could disable a level expressionon another transition t2, then the algorithm
must considerordering the �rings of t1 and t2. If the �ring of a transition t1

can be disabledby another transition t2, then they must also be interleaved.
The function con
ict l(t) returns the set of level-con
icts for transition t.

con
ict l(t) = f t0 j 9r : (t0 2 r � ^ disable(Lsat(r ); t))
_(t 2 r � ^ disable(Lsat(r ); t0)) _ disjunctive(Lsat(r ); t; t0))g

wheredisable(Lsat(r ); t) returns true if �ring transition t canpotentially disable
the Booleanfunction Lsat(r ), and disjunctivereturns true if t and t0 appear in
di�eren t product terms of a disjunctive expression.This is necessaryin order
to considerall possibletransitions that determine the latest �ring time of t.
An exampleof a level con
ict is shown in Fig. 4(c). The �rings of ta� and t1

must be interleaved to produce the correct circuit; thus, con
ict l(t1) = f ta� g
and con
ict l(ta� ) = f t1g.

Thus, for a TSCS � in T (M ), we have to guarantee that TSi (M ) includes
� 0 such that the sameset of transitions eventually �re in both � and � 0. This
is guaranteed by the combination of thesethree requirements summarizedin
the de�nition of the following set con
ict (t) as the set of transitions that are
visible or in placeor level-con
ict with t.

con
ict (t) = visible(Si ) [ con
ictp(t) [ con
ict l(t)

The partial order algorithm for modular synthesisgeneratesonly one�ring
order for transitions not in the con
ict set, and every possible �ring order
for transitions in the con
ict set. Unfortunately, it is not quite this simple.
Considerthe net in Fig. 5(a). In this case,t3 is not enabled;thus, only t1 can
�re and not t3. The �ring sequencestarting from t2, however, can enablet3 to
�re if the �ring of t1 is postponed;thus, if t1 is �red alone,then the possibility
of the �ring of t3 is missed. Modular synthesis must therefore interleave t1
and t2 to �nd all behaviors of Si . This casemust alsobe consideredfor level-
con
ict too. Consider the LPN in Fig. 5(b). In this case,t1 and ta� are in
level-con
ict, but ta� is not enabled. To enableta� , t3 must �rst �re, but t3

is not enabledbecausec is low in the current state. The transition tc+ must
therefore �re to enable t3. To enable tc+ , however, the algorithm must �rst
�re t2; thus t1 must be interleaved with t2 to seeif it is possiblethat it can
start a chain reaction resulting in the �ring of ta� beforet1.

In order to handle these casesin general, if the method wants to �re a
transition t at a timed state class s, it must compute dependent(s; t). It
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Fig. 5. (a) An LPN fragment where t1 and t3 are in place-con
ict. (b) An LPN
fragment where ta� and t1 are in level-con
ict.

is a set of enabled transitions such that the interleavings of the �rings of
those transitions should be generatedfor the correct results. For example,
dependent(s; t1) = f t1; t2g for Fig.s 5(a) and (b).

A transition t is called �r able in a timed state classs, if for sometimed
state classs0, s t! s0 2 T (M ). For a �rable transition t and a timed state
classs, dependent(s; t) must include t and satisfy the following:

if t0 2 dependent(s; t), then

for every u 2 con
ict (t0); active(s;u; t0) � dependent(s; t);

where active(s;u; t) is the set of transitions whose �rings possibly lead the
LPN to a timed state classwhereu is enabledin time in the sensethat u can
�re earlier than t. If u cannot becomeenabledin time, then modular synthesis
doesnot have to interleave the �rings of t and u. More formally,

active(s;u; t) = f x j (x; d) 2 necessary(s;u; f tg);

x can �re d time units earlier than tg,

where necessary(s;u; TD ) is a set of enabledtransitions with sometiming in-
formation such that in order to �re u, the �ring of at least one transition in
this set is necessary. Intuitiv ely, the computation of necessary(s;u; TD ) is im-
plemented such that empty sourceplacesof transitions are searched upwards
from u until someenabledtransition is found. For example, when modular
synthesis computesnecessary(s; t3; TD ) in Fig. 5(a), it searchesupward in the
net until t2 is found. During the search, if a transition is reached in which its
sourceplacesare marked, but a level expressionon oneof its incoming rules is
not satis�ed, the upward search must locatea transition that would contribute
toward making the expressionsatis�ed. The upward search is then restarted
from this transition. For example, while calculating necessary(s; ta� ; TD ) in
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Fig. 5(b), the search encounters t3 that has its necessarytoken but is not
level-satis�ed. In this case,the search determinesthat tc+ is neededto cause
the rule for t3 to be level-satis�ed. It then locatesa transition for c+ and con-
tinuesthe upward search from there until it �nds t2 that is �reable. If the level
expressionis c ^ d instead, nothing would changeexcept that the algorithm
would have the option of searching for td+ . This is becauseboth transitions
must �re to satisfy the expression;thus, the transition with the best necessary
set is used. If, however, the level expressionis c_ d, then the algorithm must
calculate the necessaryset for both the tc+ and td+ transitions and form the
union of the results. This is becauseonly oneof the two transitions is required
to satisfy the expressionfor t3. As it is not known which onewill occur, both
must be consideredtogether.

In the calculation of necessary(s;u; TD ), TD is used to terminate loops.
necessary(s; t; TD ) is actually the set of pairs (x; d) where x is a transition
found in the above search process,and d is the sum of the earliest �ring
times in the shortest path from x to u. The value of d denotesthat it takes
at least d time units for u to becomeenabled after the �ring of x. If the
maximum time separation� betweenx and t is lessthan d time units, it means
that u can never �re before t. In other words, our method doesnot have to
considerthe interleavings between t and u in this case;hence,active(s;u; t)
only contains thosex which can �re d time units earlier than t. For example,
necessary(s; ta� ; f t1g) = f (t2; 3)g in Fig. 5(b), and so t2 is in the active set. If
the latest �ring time of t1 is 3 instead (i.e., � = 2), there is no possibility for
ta� to �re beforet1, so t2 would not be included in the active set in this case.

Finally, our method constructsTSi (M ) by �ring only transitions in ready(s)
in each s, where ready(s) is dependent(s; t) for sometransition t returned by
�reable(M ; s), such that all transitions in the set are �rable.

Consideragainthe exampleshown in Fig. 1 wherethe module to synthesize
is shown in Fig. 1(b). In the initial TSC, there is only one �reable transition,
tc+ , so the algorithm certainly must �re that one. After �ring tc+ , there are
two �reable transitions ta� and tb� . First, consider �ring ta� : con
ict (ta� )
includesta+ , ta� , tc+ . The transition tc� is not included in the dependent set
sinceta� is neededto enabletc� resulting in a circular dependency. Circular
dependenciesare found for all other transitions aswell, sodependent(s; ta� ) =
f ta� g. con
ict (tb� ) is obtainedsimilarly, and they areall againeliminated due
to circular dependencies.This meansthat ready(s) can be set equal to either
ta� or tb� , and thesesignalsdo not needto be interleaved. One possiblestate
spacefound using this partial order approach is shown in Fig. 3(c). Note that
applying rsg(T ; Si ) to the state graph shown in Fig. 3(c) again results in the
state graph shown in Fig. 3(b) meaning that the synthesized circuit is the
samefor the total order and this partial order method.

The above algorithm generatesTSi (M ) such that TSi (M ) � T (M ); thus,
project(TSi (M ); Si ) � project(T (M ); Si ) holds. The other direction|meaning
that for any � 2 T (M ), there exists � 0 in TSi (M ) such that project(�; Si ) =
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Table 1
A comparisonbetween
at and modular synthesis.

Flat Modular

Example States BAP Synth States BAP Synth

�foN4 39317(130130) 1182.94 7.47 95 0.10 0.00

�foN39 251 0.48 0.00

stari12 41792(159248) 542.50 5.48 139(206) 0.30 0.00

stari18 349(1902) 9.15 0.00

isp 3 38113(38142) 82.25 19.78 14423(14664) 17.32 0.44

isp branch v2 62601(62632) 136.06 18.56

isp join 31622(32082) 54.89 9.2 8678(8688) 14.29 0.83

isp fork 38589(38590) 67.25 6.7 12306(12307) 18.55 1.02

isp priorit y 107481(107589) 181.21 22.59 17902(17904) 29.84 1.39

project(� 0; Si )|can be proven by extending the approach usedin the proof of
Lemma 1 in [31] so that it considerslevel-rules. Hence,we can prove that
Property 5.1 holds under the proposedalgorithm.

6 Results and Conclusion

The BAP algorithm and modular synthesisapproach are implemented by the
CAD tool ATACS. The performanceof modular synthesis is best illustrated on
examplesthat can be dynamically changedto produce larger setsof TSCSs.
Although this type of exampleis not representativ e of all designs,for a pre-
liminary study, it does serve to establish the limits of a 
attened synthesis
approach and to demonstratethe bene�ts of this modular synthesisapproach.
A control circuit for a pipeline is an exampleof a designthat can be easily
modi�ed to create larger sets of TSCSs. Results from three such examples
are shown in Table 1. The �foN example is a �fo from SUN [20]. The stari
exampleis another �fo described in [10]. Finally, the isp examplesare inter-
locked synchronouspipelinesfrom IBM [14]. Table 1 compares
at synthesis
and modular synthesis times. The States column is the number of unique
Booleanstates found by the BAP algorithm followed by the number of TSCs
in parentheses.The BAP column is the running time spent �nding the TSCs.
The Synth column is the amount of running time spent in synthesizinga single
component. The running time is in secondsreported on a Pentium II I 930MHz
with 256Mb of memory. The blank entries in the table indicate that the 
at
synthesis did not complete in a reasonableamount time. Theseresults show
that the idea of applying partial order reduction to the modular synthesis of
timed circuits can provide substantial improvements in synthesis time. This
includesseveral examplesthat could not previously be synthesizedusinga 
at
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synthesis approach.
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