IEEE TRANSACTIONS ON CAD, VOL. 18, NO. 6, JUNE 1999

POSET Timing and its Application to the Synthesis

and Verification of Gate-Level Timed Circuits
Chris J. Myers, Tomas G. Rokicki, Teresa H.-Y. Meng

Abstract— This paper presents a new algorithm for timed
state space exploration, POSET timing. POSET timing im-
proves upon geometric methods by utilizing concurrency
and causality information to dramatically reduce the num-
ber of geometric regions needed to represent the timed state
space. The utility of POSET timing is illustrated by its ap-
plication to the automatic synthesis and verification of gate-
level timed circuits. Timed circuits are a class of asynchronous
circuits that incorporate explicit timing information in the
specification which is used throughout the synthesis proce-
dure to optimize the design. Using POSET timing, our syn-
thesis procedure derives a timed circuit that is hazard-free.
The circuit uses only basic gates to facilitate the mapping to
semi-custom components, such as standard-cells and gate-
arrays. The resulting gate-level timed circuit implementa-
tions are 30 to 40 percent smaller and 30 to 50 percent
faster than those produced using other asynchronous design
methodologies. This paper also demonstrates that timed
designs can be smaller and faster than their synchronous
counterparts. The POSET timing algorithm can not only
efficiently verify our synthesized circuits but also a wide
collection of large, highly concurrent timed circuits and sys-
tems that could not previously be verified using traditional
techniques.

Keywords— Timed asynchronous circuits, POSET timing,
geometric regions, partial orders, logic synthesis, formal ver-
ification.

I. INTRODUCTION

N recent years, there has been a resurgence of interest in

the design of asynchronous circuits due to their ability to
eliminate clock skew problems, achieve average case perfor-
mance, adapt to processing and environmental variations,
and provide component modularity. Asynchronous circuits
can also lower system power requirements by reducing syn-
chronization power, automatically powering down unused
components, removing spurious transitions, and easily ad-
justing to a dynamic power supply. While asynchronous
designs have long been used in interface circuits, they are
now being considered for the design of low-power embed-
ded controllers and portable devices due to their low-power
advantages.

Traditional academic asynchronous design methodolo-
gies use unbounded delay assumptions, resulting in circuits
that are verifiably correct, but sacrifice timing for sim-
plicity, leading to unnecessarily conservative designs. In
industry, however, timing is critical to reduce both chip
area and circuit delay. Due to the lack of formal meth-
ods to handle timing information correctly, circuits with
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timing constraints usually require extensive simulation to
gain confidence in the design. Our research bridges this
gap by introducing timed circuits in which explicit timing
information is incorporated into the specification and uti-
lized throughout the design procedure to optimize the im-
plementation. Timed circuits can be significantly smaller
and faster than those produced using traditional methods,
and they are more reliable than those produced using ad
hoc methods. The specification of timing constraints also
facilitates a natural interaction between synchronous and
asynchronous circuits.

Timing considerations, however, often introduce an ad-
ditional exponential factor of complexity into the design
procedure. As a result, timing analysis has hitherto either
been avoided [1], [2], [3], simplified [4], [5], or considered
only after synthesis [6]. This paper develops an exact and
efficient timing analysis algorithm, POSET timing, and ap-
plies it to the automatic synthesis and verification of gate-
level timed circuits.

In our previous work, an efficient timing analysis algo-
rithm is developed and applied to incorporate timing con-
siderations into the synthesis of timed circuits [7]. We veri-
fied that our timed circuit implementations are hazard-free
using Burch’s timed circuit verifier [8]. This work, however,
is not without its limitations. First, since the timing anal-
ysis is limited to only choice-free specifications, our syn-
thesis procedure could only be applied to a limited class of
circuits. Second, these timed circuit implementations re-
quire complex-gates, making it difficult to use semi-custom
components, such as standard-cells and gate-arrays, which
are becoming increasingly important to improve time-to-
market. Third, the discrete-time verification approach em-
ployed by Burch’s verifier is limited in its applicability since
the number of discrete-time states grows exponentially with
respect to the number of concurrent events.

This paper presents a new timing analysis algorithm,
POSET timing, which allows us to develop more general
and widely applicable procedures for the synthesis and ver-
ification of timed circuits. First, it allows us to extend
our synthesis and verification procedures to a very general
class of specifications, namely any specification which can
be translated into a 1-safe timed Petri-net. Second, our
new synthesis procedure facilitates the mapping of our im-
plementations to semi-custom components by using addi-
tional correctness constraints, thereby producing hazard-
free timed circuits using only basic gates such as AND
gates, OR gates, and C-elements. Our synthesis proce-
dure has been fully automated in a CAD tool and applied
to several examples, resulting in gate-level timed circuit
implementations which are 30 to 40 percent smaller and



30 to 50 percent faster than designs using other method-
ologies. After synthesis, the POSET timing algorithm is
used to verify if the synthesized timed circuit implementa-
tion back-annotated with delays from a given cell-library
satisfies its timed specification. Our verification procedure
is shown to be able to rapidly verify larger, more concur-
rent timed circuits and systems than could previously be
verified using traditional techniques.

Section 2 describes the initial specification method,
timed Petri-nets, and how they can be translated to ones
which can be analyzed using the POSET timing algorithm.
Section 3 describes the POSET timing algorithm and how
it is used to explore the timed state space. Section 4 briefly
explains the application of POSET timing to the synthe-
sis and verification of timed circuits. Section 5 gives our
conclusions.

II. TIMED SPECIFICATIONS

Timed Petri nets [9] are a natural way to specify timed
circuits and systems. They can, however, be difficult to an-
alyze directly. This work uses timed Petri nets as a spec-
ification language, and translates them to a orbital nets
for analysis. Orbital nets are shown later to be efficiently
analyzable using the POSET timing algorithm.

A. Timed Petri nets

A 1-safe timed Petri net (TPN) is modeled by the tuple
(P, T, F, My, A) where P is the set of places, T is the set
of transitions, FF C (P x T) U (T x P) is the set of edges,
Mgy C P is the initial marking, and A : P -+ N x AN Uoo is
an assignment of timing requirements to places. A marking
is a subset of the places. For a place p € P, the preset of p
(denoted ep) is the set of transitions connected to p (i.e.,
op={t €T | (t,p) € F}), and the postset of p (denoted
pe) is the set of transitions to which p is connected (i.e.,
pe = {t € T | (p,t) € F}). For a transition ¢t € T, the
presets and postsets are similarly defined (i.e., ot = {p €
P|(pt)€eF}andte={p€e P| (tp) € F}).

Timing is associated with a place as a timing requirement
consisting of a lower and upper bound. The lower bound
is a nonnegative integer and the upper bound is an integer
greater than or equal to the lower bound, or co. Since real
values can be expressed as rationals within any required
accuracy, restricting the bounds of timing requirements to
be integers does not decrease the practical expressiveness
of timed Petri nets.

In a timed Petri net, an untimed state is a marking of the
net (i.e., M C P). A timed state is an untimed state with
a time-valued clock clk; associated with each marked place
p; (i-e., (M,CLK) C P x ®). Each clock advances with
time and denotes how long the place has been marked.

The behavior specified by a timed Petri net is defined
with an operational semantics composed of two types of
operations: firing of transitions and advancement of time.
For a given timed state, (M, CLK), a transition is untimed
enabled if all places in its preset are marked (i.e., ot C M).
The set of untimed enabled transitions is denoted T, (M).
A transition is timed enabled when it is untimed enabled
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and all places in its preset have a clock that is greater
than or equal to the lower bound of the timing requirement
on the place (i.e., Vp; € ot . clk; > 1;). A transition is
expired when it is timed enabled and all places in its preset
have a clock that is greater than the upper bound of the
timing requirement on the place (i.e., Vp; € ot . clk; >
u;). A transition cannot occur until it is timed enabled,
and it must occur before it becomes expired. Any timed
enabled transition can be fired instantaneously, and any
number of transitions can be fired without time advancing.
A transition is fired by removing the tokens in the places
in its preset and discarding the clocks. The places in the
postset of the fired transition are then marked, and all
newly marked places are assigned a clock initialized to zero.

Time is advanced by uniformly increasing the clocks as-
sociated with the places by an amount § which is less than
or equal to maz-advance for a given timed state. The func-
tion max-advance is defined as the maximum amount of
time that can be allowed to advance before some transition
would become expired. More formally, for a given timed
state, (M, CLK), maxz-advance is defined as follows:

maz-advance(M,CLK) =  min {max{u; — clk;}}.

teT.(M) piceot

These semantics define the set of timed firing sequences,
TFS, as a sequence of pairs of transition firings and time
values. For simplicity, the time value represents a non-
negative duration since the previous pair. Executing a
timed firing sequence a on a timed Petri net results in
the timed state fire(a). The set TFS is defined recur-
sively. The empty sequence ¢ is in TFS. For every fir-
ing sequence a in TFS and for every value of § such that
0 < maz-advance(fire(a)), then a;(4,0) is in TFS, where
¢ represents an ‘empty’ firing. In addition, if a transition
t is timed enabled in fire(e), then «; (¢,0) is also in TFS.
The reachable timed state space, TS, is the range of the
function fire over TFS.

B. Orbital nets

In order to use the POSET timing algorithm for timed
state space exploration, it is necessary to translate a timed
Petri net into an orbital net representation. An orbital net,
while similar to a timed Petri net, has several key differ-
ences which facilitate the development of efficient timing
analysis algorithms. Orbital nets are essentially a labeled
1-safe Petri net extended with automatic net constructions
and syntactic shorthands for composition and receptiveness
[10]. The net constructions allow us to have relatively
straightforward operational semantics, while the syntactic
shorthands allow us to compose the nets without an expo-
nential blowup in net size. These features are described in
detail in [10]. Orbital nets also allow simultaneous actions
(i-e., transitions labeled with sets of actions). These allow
us to easily mix behavior and environmental requirements
even at the gate model level.

The key difference between orbital nets and timed Petri
nets is that timing requirements can be either behavioral
(b) or constraint (c) (i-e., {I,u)type), and that only a sin-
gle behavioral place can be in the preset of any transition.
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The timing bounds associated with a behavioral place are
used to specify guaranteed timing behavior. The timing
requirements associated with a constraint place are used
to specify desired timing behavior, and they do not affect
the actual timing behavior. If the timing requirement on a
place is omitted, it is assumed to be (0, c0)c. For a given
orbital net, the set B is the subset of the places in P which
are of type behavioral, and the set C is the set of constraint
places.

The POSET timing algorithm described later relies on
the fact that each behavioral place represents a single non-
deterministic choice of delay that cannot be affected by
other behavioral places. In other words, the delay between
a transition in the preset of a behavioral place and a tran-
sition in the postset of the same place should always fall
between the lower and upper bound of the timing require-
ment on this place. This property simplifies the function
maz-advance to be the minimum difference over all marked
behavioral places between the upper bound of the timing
requirement on the place and its clock, or oo if there are
no marked behavioral places. More formally, for a given
timed state, (M, CLK), maz-advance is defined as follows:

maz-advance(M, CLK) = min B){ui — clk;}

pie(MnN

With this definition of maz-advance, a simple all-pairs
shortest-path algorithm (Floyd’s algorithm) can be at the
core of the timed state space exploration algorithm.

When there are multiple behavioral places in the preset
of a transition, the timing semantics allow the delay be-
tween the transition in the preset and postset of one of the
behavioral places to exceed the upper bound on its timing
requirement when the transition is being constrained by
another behavioral place. To avoid this problem, orbital
nets are restricted to include at most a single behavioral
place in the preset of each transition.

In an orbital net, a transition is timed enabled when it
is untimed enabled and if there is a behavioral place in
its preset, this place’s clock is greater than or equal to the
lower bound of the timing requirement on the place. Before
firing a transition, however, the constraint places in the
entire net must be checked, and if any constraint place p;
is marked with clk; > w;, this firing is marked as a failure.
Also, the clocks corresponding to a marking that is removed
from a constraint place p; must be checked, and if clk; < I;,
this firing is also marked as a failure. Finally, after the
firing of a transition, every marked behavioral place must
have a transition in its postset that is untimed enabled in
the new state; if this condition is not satisfied, this firing
is a failure. This requirement ensures that every marked
behavioral place can fire in all states in which its timing
conditions are met, and thus the value of its clock when it
fires cannot be controlled by external state. If a failure is
detected during synthesis, the specification is inconsistent
and must be modified before an implementation can be
obtained. If a failure is detected during verification, the
timed circuit violates its specification.

C. Translation from timed Petri nets to orbital nets

If timed Petri nets are translated to orbital nets in the
obvious way of marking all places as behavioral, then most
specifications of interest would naturally have multiple be-
havioral places in the preset of some transitions. Fortu-
nately, the original timed Petri net specification can always
be transformed into an orbital net which satisfies the sin-
gle behavioral place requirement. This transformed net can
then be analyzed to find the reachable states using our ef-
ficient timing analysis algorithm. Therefore, the POSET
timing algorithm can be applied to any 1-safe timed Petri
net.

The transformation from an arbitrary timed Petri net
into an orbital net which satisfies the single behavioral
place requirement is completed in two steps. The first step
in the transformation labels all places of the original timed
Petri net as behavioral places (including those that have
(0, 00) timing requirements). After step one, the net sat-
isfies the single behavioral place requirement if and only
if for every transition in the original timed Petri net there
is only one place in its preset. If at least one transition
has two places in its preset, then the second step must be
performed.

To illustrate the second step, consider a fragment of a
timed Petri net that has two places in the preset of a tran-
sition shown in Figure 1(a). The desired timing behav-
ior can be depicted graphically as shown in Figure 1(b).
This net can be transformed to the orbital net shown in
Figure 2(a) which satisfies the single behavioral place re-
quirement. The idea behind this transformation is that a
path through the net is created for each possible ordering
of the transitions in the preset. This has the effect that
each transition in the preset is given the chance to be the
one controlling the firing time of the transition in the post-
set. For illustration purposes, additional events ¢y and ¢;
are added to the net to occur simultaneously with the two
transitions associated with c¢. Note that every place from
the original net is behavioral while the newly added places
are constraint (i.e., (0,00)c). The timing behavior of ¢o
and ¢; are shown graphically in Figure 2(b) and (c), re-
spectively. The behavior of these two together is exactly
the desired timing behavior of ¢. For n behavioral places,
the net is transformed to model the n! possible orderings of
the n enabling events. While this transformation can lead
to a substantial blowup in the net size (O(2") times in the
worst-case) making the timing analysis more complex, we
have found that the value of n tends to be quite small in
practical examples.

The transformation is a bit more complicated in the case
that one of the behavioral places in the preset has multiple
transitions in its postset. In this case, the transformation
described above is applied to each of the transitions in the
postset individually first. Then, the common transitions
and places are stitched together as shown in Figure 3.

It is important to note that an orbital net has both a
static and dynamic restriction. The static restriction is the
single behavioral place requirement. The dynamic restric-
tion is that if at any time during state space exploration,
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Fig. 1. (a) Fragment of the orbital net that violates the single be-
havioral place requirement; (b) graphical representation of the
desired timing behavior.
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Fig. 2. (a) Orbital net that satisfies the single behavioral place
requirement; graphical representation of the timing behavior of
co (b) and ¢1 (c).

the behavioral place is marked, it must be the case that a
sufficient number of constraint places must also be marked
such that a transition in the postset of the behavioral place
is enabled. Fortunately, the net transformation procedure
described above restricts the use of constraint places such
that this is always the case. If, however, a designer adds
additional constraint places to check various timing prop-
erties, then it is possible that the dynamic restriction may
be violated.

D. Reachability graphs and state graphs

The goal of timed state space exploration is to find the
set, of reachable states for the system being analyzed. The
reachable untimed state space for a TPN can be repre-
sented as a reachability graph (RG). A RG is a graph in
which its vertices are untimed states (i.e., markings) and
its edges are possible state transitions. A RG is mod-
eled by the tuple (®,T) where & is the set of states and
' C®xT x ® is the set of edges.

A state graph (SG) is a RG in which the states have
been labeled with bitvectors corresponding to the binary
values of each of the systems signals in that state, and the

a b c
p1 [, uy p2
a b c My, U ., ucb
i, ua[ﬁé M, Ub%m@ UcEﬁ% € €
d e
d d e e
topl topl top2 topl top2 top2

@ (b)

Fig. 3. (a) A choice place; (b) a orbital net that satisfies the single
behavioral place requirement.
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transitions are labeled with the signal which transitions to
move between the two states. A SG is modeled by the
tuple (S, ®,T', A\p, A7) where S is the set of signals, Ag :
® — (S — {0,1}) is the state labelling function, and A :
T — S is the transition labelling function. S can be further
partitioned into the set of input signals I and output signals
0. There exists a SG for a corresponding RG if and only
if there is a consistent state assignment. A consistent state
assignment exists if each state and transition can be labeled
such that between two states in a state transition the only
signal to change value is the one which experienced the
transition. In other words, for a RG, (®,I'), and a set of
signals, S, a SG exists if there exists a A and Ar such that

V(M,t, M) € T.¥u € S.(Ar(t) # u A Ao (M) (u) =
Ae(M')(w)) V (Ar(t) = u A Ao (M) (u) # Ao (M')(u))

For synthesis, it is useful to be able to determine in which
states a signal is untimed enabled to rise or fall. The sets
rise(u) and fall(u) provide this information and are defined
as follows:

rise(u) = {M e ® | Ap(M)(u) =0A
At € T (M) Ar(t) = u}
falllu) = {Med|I(M)(u)=1A

3t € T.(M)Ar(t) = u)

An ezcitation region for signal u is defined as a maximally
connected subset of either rise(u) or fall(u). If it is a sub-
set of rise(u), it is called a set region, and it is denoted
ER(ut, k) where k indicates that it is the k® set region.
Similarly, a reset region can be denoted ER(ul, k). For each
signal u, there are two sets of stable, or quiescent states.
There is the set of states where the signal u is stable high
denoted QS(ut) (ie., @S(ut) = {M € @ | \p(M)(u) =
1AM ¢ fall(u)}), and the set where it is stable low denoted
QS(ul) (e, QS(u)) ={M € @ | da(M)(u) =0AM ¢
rise(u)}),

A portion of the timed Petri net and SG for a controller
for a port selector (SEL) is shown in Figure 4. The SEL
example accepts data and a port selection and forwards the
data out the selected port. In the initial state, all signals
are low and zfer; is enabled to rise. After zfer; rises, sel,
and data, become enabled to rise. Assuming that data,
rises first, in the next state date; and sel, are both are en-
abled to rise. However, the maximum delay for sel, to rise
is 20 while the minimum delay for data; to rise is 40. There-
fore, the only possible next transition is for sel, to rise, and
the timing information has removed a possible state tran-
sition. The final state graph obtained for the SEL contains
53 states. A state graph generated ignoring all the timing
information contains 256 states. The size of the SG and the
complexity of the circuitry are strongly correlated. For the
SEL example, our synthesis procedure derives a gate-level
timed circuit implementation with 27 literals shown in Fig-
ure 5(a). If all the timing information is ignored, synthesis
produces a gate-level speed-independent circuit implemen-
tation with 44 literals shown in Figure 5(b). Besides being
nearly 40 percent smaller, the timed circuit has reduced
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latency since it requires gates with at most 3-inputs while
the speed-independent circuit requires many large gates in-
cluding one with 6-inputs. While in this example it is fairly
easy to see the timing relationships between the signal tran-
sitions, in general it requires complex analysis. The next
section describes a new efficient algorithm for timed state
space exploration.
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Fig. 4. A portion of the timed Petri net and reduced state graph for
the SEL.
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III. TIMED STATE SPACE EXPLORATION

The basic idea behind synthesis and verification methods
that use explicit state space exploration is that only a fi-
nite subset of the firing sequences need to be considered to
compute the complete set of reachable states if the reach-
able state space is finite or has a finite representation. In
orbital nets, the clocks associated with each marking can
take on real values, so there are an infinite number of timed
states. In order to perform explicit state space exploration,
the state space exploration algorithm must either group the
timed states into a finite number of equivalence classes or
sets, or restrict the set of values that the clocks can attain.
This section describes three previously proposed techniques
for timed state space exploration: unit-cubes, discrete-time,
and geometric timing. Then, it introduces our proposed
technique, POSET timing (also known as partial order tim-
ing in [10]), which improves upon the geometric methods
by making use of concurrency and causality information.

The example in Figure 6 motivates this presentation.
This example models two consumers, a and b, and two
resources, s (slow) and f (fast). Consumer a thinks for
1 to 8 units of time, then acquires either the slow (ast)
or fast (aft) resource. After using the resource, it returns
to its initial state. Consumer b is identical, but its think
time is from 2 to 10 units of time. Each use of resource s
takes from 8 to 10 units of time, and each use of resource
f takes from 1 to 3 units of time. While this is presented
as an orbital net, it is easily modeled by Alur’s timed au-
tomata [11], Henzinger’s timed transition systems [12], or
most other operational models of timed systems.

Fig. 6. Orbital net for two consumers (a and b) and two resources
(s and f).

Alur’s unit-cube technique has the best known worst-
case complexity for timed state space exploration of gen-
eral timed systems [11]. This technique enables finite state
space exploration by dividing the timed state space for a
particular untimed state into equivalence classes of timed
states. These equivalence classes are defined such that each
component of the execution of a timed automata (the exe-
cution of a transition or the advancement of time) maps an
entire equivalence class into one or more successor equiv-
alence classes, and each element of the equivalence class
maps into each successor equivalence class. In addition,
all enabling conditions of transitions and other allowed ob-
servable characteristics are defined identically for the entire
equivalence class. Thus, it is possible to explore the entire
timed state space by enumerating the equivalence classes.

Each equivalence class consists of an untimed state,
the set of clocks that have exceeded the maximum value
they are compared against, the set of integer portions of
the clock values, and an ordering of the fractional por-
tions of the clock values. This ordering is of the form
(0 rel f;, rel fi, ... fi,) where (i1 ...4,) is some permuta-
tion of (1...n), f; represents the fractional portion of clock
j, and rel is one of < or =. For the case where there are
two marked places and two clocks clk; and clks, assuming
neither clock has exceeded the maximum value it has been
compared against, the equivalence classes are pictured in
Figure 7(a); every point, line segment, and interior trian-
gle is an equivalence class. The points are the cases where
the fractional components of both clocks are zero; the hor-
izontal and vertical line segments are the cases where one
clock has a zero fractional component and the other has a



nonzero fractional component; the diagonal line segments
are the cases where both clocks have the same nonzero frac-
tional component, and the interior triangles are the cases
where each clock has a distinct fractional component.

clky

104

0 -
0 10 0

@ () ©

Fig. 7. (a) Unit-cube, (b) discrete, and (c) geometric representations
of the timed state space.

Let us assume the number of distinct untimed states in
an orbital net is |S|. If the maximum value of any non-
infinite timing requirement is k, and there are at most n
marked places in the net in any state (this value is trivially
bounded by the size of the safe net), the worst-case size of
the state space for Alur’s method is asymptotically [10],

TL' k " l/k
'5m(m> 4

While it is sufficient to store only those equivalence classes
that occur after the firing of a transition, the number of
such equivalence classes still explodes in practice. For our
example, there are a total of 2,463 unit-cube equivalence
classes in the total timed state space. Of course, if the
timing values are increased, this number rises significantly.

It has been proven, however, that the general unit-cube
technique is unnecessary for orbital nets since considering
only integer event times gives a full characterization of the
continuous-time behavior [10] (this proof is similar to one
given by Henzinger, et. al. in [13] for timed transition sys-
tems). In other words, only timed states associated with
each discrete-time instance, represented as a point for the
two-dimensional case in Figure 7(b), need be considered.
This technique is used by Burch for verifying timed cir-
cuits [8], and has a worst-case state space size of |S| (k+1)"
which is better than the unit-cube method by more than
n!. The essential restriction in orbital nets that allows this
optimization is that clocks are only compared with con-
stants using <’ or ’>’, rather than '<’ or ’>’; this can
be justified for real systems with the imprecise nature of
physical time. State space exploration in discrete time is
a simplification of that in Alur’s unit-cube method in that
the ordering relation of the fractional components of the
clock is dropped, as is the possibility of time advancing in
non-integral units. Our example yields a total of 487 dis-
crete timed states; again, this number rises significantly as
the timing requirements increase.

Both unit-cube and discrete-time methods, however, are
of little more than theoretical interest because the size of
the state space increases exponentially with the concur-
rency in the net. For a circuit with timing values accurate
to two significant digits, with up to six independent con-
current pending events, the state space is easily in excess
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of 10'2 states—well beyond the capabilities of most finite-
state synthesis and verification techniques.

Other efficient techniques have been developed [14], [15],
[16], to find a single exact time separation between two
events in various types of specification methods. However,
each time a separation is needed during state space explo-
ration, these techniques reanalyze the complete graph, so
using them to compute all of the possible separations in
a graph is slow making them impractical for timed state
space exploration.

Another approach to represent timed states is to use con-
vex geometric regions (or zones) as shown in Figure 7(c).
Even though the worst-case performance is much worse
than either the unit-cube or the discrete-time approaches,
this approach usually performs well in practice. Dill [17],
Lewis [18], and Berthomieu and Diaz [19] originated geo-
metric timing, and it has become an active area of research
[20], [21], [22]. Unfortunately, as illustrated later, for highly
concurrent systems, geometric methods alone can result in
a substantial state explosion.

A number of techniques have been proposed to deal with
state explosion in highly concurrent systems. For untimed
systems, stubborn sets [23], partial orders [24], and un-
foldings [25] have been shown to perform well. These tech-
niques reduce the number of states explored by considering
only a subset of the possible interleavings between events.
These approaches have been extended to timed systems in
[26]. This algorithm, however, reduces verification time by
exploring only part of the timed state space. This may
limit the timing properties that can be verified. Further-
more, the entire timed state space is needed for timed cir-
cuit synthesis. While reducing the number of interleavings
is useful, one region is still required for every firing sequence
explored to reach a state. If most interleavings need to be
explored, this technique could still result in state explosion.

This section describes POSET timing which improves
upon the geometric methods by making use of concurrency
and causality information. This is accomplished through
the exploration of partially ordered sets of events as op-
posed to linear sequences.

A. Geometric regions

Rather than consider at each step a single discrete-time
state or a minimum equivalence class of timed states, the
geometric timing method considers a larger set of timed
states in parallel. Specifically, convex geometric regions of
timed states are used to represent the timed state space.
These regions are described by a set of constraints which
are either lower and upper bounds on specific clock val-
ues or differences between pairs of specific clock values.
These constraints are usually encapsulated in a matrix
(sometimes known as a difference bound matriz), where
the constraints on clocks {clki,...,clk,} are of the form
clk; — clk; < aj;. A fictitious clock, clko, that is always
exactly zero is introduced so that upper and lower limits
on a particular clock can be represented in the same form
[17].

For any convex region that can be represented by such
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a matrix, there are many matrices that represent the same
convex region. Fortunately, a canonical matrix can be ob-
tained using Floyd’s all-pairs shortest-path algorithm to
maximally tighten all the inequalities [17]. While in gen-
eral Floyd’s algorithm runs in time O(n®), since only in-
cremental changes are made to the matrix during analysis,
specializations of Floyd’s algorithm that run in time O(n?)
suffice [10]. For large systems, this optimization can speed
execution substantially.

B. State space exploration with geometric timing

Each geometric region can be considered as an infinite
set of timed states which are operated on in parallel. In
order to perform state space exploration using geometric
timing, this section redefines the operational semantics of
orbital nets in terms of these geometric regions as opposed
to individual timed states. The aspects of state space ex-
ploration that do not consider time are not discussed, since
they are the same in both cases. This section describes how
these operations work for a single step in a timed sequence,
assuming it works for the predecessor sequence; the trivial
base case and structural induction on sequences completes
the proof that these operations work for all sequences.

Figure 8 shows how geometric timing works on our ex-
ample. The first column shows the untimed state, the sec-
ond shows the geometric region before advancing time, and
the third shows the region after advancing time. The re-
gions are shown both as constraint matrices and regions in
space. The Oth row and column of each matrix represent
the time relationships between the clocks on the places and
the fictitious clock, clky, which is always 0. In other words,
the Oth row is the maximum value of the corresponding
clock, and the Oth column is the negative of the minimum
value. The other entries represent time relationships be-
tween the clocks. For example, in row 1, the third column
and second row for the first matrix represents the relation-
ship clk, — clk; < 8.

The initial state of our example has tokens in (P,, P,
Pﬁ, Py;), with clock values of 0 for the tokens in P, and P;.
Before advancing time, the region is represented as a sin-
gle point at the origin, as shown in the leftmost region for
the initial state in Figure 8. In our original operational se-
mantics, advancing time involves adding some number ¢ to
all clocks. For geometric regions, advancing time involves
extruding the geometric region in the clky = clky = ---
= clk, direction, subject to maz-advance, which itself is a
convex region. To perform this operation, the algorithm
simply sets the maximum bounds on each clock (the first
row of the constraint matrix) to their maximum values (if
the places are behavioral places) or infinity (if the places are
constraint places). The algorithm then recanonicalizes the
matrix in time O(n?). The resulting matrix and geometric
region are shown in the rightmost columns of Figure 8. In
row 0, the upper bound on P, is 8 and P, is 10. Since both
of their clocks are initially zero, max-advance returns 8.

Determining whether a particular transition is timed-
enabled in our original operational semantics entails com-
paring the clocks with the timing requirements. With ge-

ometric regions, the timing analysis algorithm determines
the subset of the timed states in the region for which the
particular transition is enabled; this is called the enabling
region. This can be calculated by introducing the enabling
conditions on the transition selected for firing as additional
constraints on the region, and recanonicalizing. For orbital
nets, these conditions are always a single new minimum
value on that behavioral place, and the algorithm can re-
canonicalize in time O(n?). The dashed lines on the ge-
ometric diagrams in Figure 8 show, for each behavioral
place, the minimum firing time constraint added by that
place. Thus, for example, in the initial region, any transi-
tion in the postset of either P, or P, can fire, since intro-
ducing the minimum firing times in either case produces a
non-empty region.

After selecting an enabled transition, firing that transi-
tion involves removing some set of clocks and introducing
new clocks initialized to zero. With geometric regions, re-
moving these clocks involves projection of the system of
constraints to eliminate a particular set of variables, and
introducing new clocks is done by adding a new set of vari-
ables equal to zero. For example, to obtain the geometric
region in row 1 (before advancing time), the algorithm in-
troduces the minimum firing constraint for P, then projects
the region onto the y axis (representing the elimination of
the token from P;). The algorithm then introduces a new
clock for the token in place Ps, and initializes it to zero. At
this point, time is again advanced by setting the maximum
bounds on each clock to their maximum values. In this
region, aff is enabled because there is some subset of the
region above the dotted line representing the token in place
P,, but bs] is not enabled because the introduction of the
minimum firing time of place P; yields an empty region.

While unit-cube and discrete-time methods operate on
timed firing sequences, geometric timing operates over un-
timed firing sequences. For each untimed firing sequence
that the orbital net might execute, geometric timing com-
putes directly the full set of reachable states of all possible
timed sequences that have the same underlying untimed
sequence.

There are many different options for storing the geomet-
ric regions and deciding when to backtrack. In general, for
every explored untimed state, there are one or more geo-
metric regions that have been seen for that state. For in-
stance, the untimed firing sequence [bs?] leads to the same
untimed state as [bst, aff, af]] (compare rows 1 and 3 in
Figure 8), yet have different geometric regions. One op-
tion, perhaps the simplest, is to simply hash each geomet-
ric region into the state table and only backtrack when an
identical geometric region is seen. For our example, the
total number of geometric regions for the 7 reachable un-
timed states using this technique is 234, for an average of
33 regions per untimed state. The number of transitions
fired in our depth-first exploration was 518.

Another option for state space exploration is to maintain
a list of seen geometric regions for each untimed state, and
compare each new geometric region against the entire list
using the subset operation. It is possible to check if one ge-
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Fig. 8. Example geometric region state space exploration for the sequence [bst, aft, af]].

ometric region is a subset of another in time O(n?). Then,
the search can backtrack when a newly found region is a
subset of a previously seen region. Conversely, if the newly
found region is a superset of a previously seen region, then
any pending state exploration from the previously seen re-
gion can be canceled, and the previously seen region can
be removed from the list. In our example, using this tech-
nique, 20 different geometric regions are found for the 7
untimed states in 78 transition firings.

Many other optimizations are possible and have been
explored by the authors; some of them yield reasonable
savings in runtime, but usually the savings in runtime is
less than a factor of two; in the face of the combinatorial
explosion of timed state space exploration in general, these
improvements are typically too small to be worth detailing
in this paper.

C. Drawback of geometric timing

While geometric timing can be very efficient, with
more concurrent examples, such as the adverse example,
adv4z40, shown in Figure 9, the number of geometric re-
gions can rise astronomically. While only having a single
untimed state, standard geometric timing techniques gen-
erate an incredible 219,977,777 distinct geometric regions.
This is more than the number of discrete-time states!

The main difficulty with all of the geometric timing tech-
niques is the large number of geometric regions that can ex-
ist for each untimed state. The POSET timing technique
introduced next tends to dramatically reduce the number
of geometric regions for each untimed state, typically down

1, 40 {1, 40 1, 40 1, 40
a b c d

Fig. 9. The adverse example adv4x40 with n = 4 and k& = 40.

to an average of one or two.

D. Concurrency, causality, and posets

The major source of blowup in the adverse example is
the way the standard geometric timing algorithm calcu-
lates the set of timed states reachable from a sequence of
transition firings; the transition firings are linearly ordered,
even if they are concurrent in the system being evaluated.
That is, if two concurrent transitions start clocks, the con-
straints between the two clocks reflect the linear order that
the transitions are fired in the original sequence. For ex-
ample, when the geometric timing algorithm analyzes the
untimed firing sequence [a,b], it obtains the upper geo-
metric region shown in Figure 10, and when the algorithm
considers the sequence [b, a], it obtains the lower geomet-
ric region. In general, if there are n concurrent transitions
that reset clocks visible in the resulting timed state, there
are n! different sequences that need to be considered, each
of which leads to a distinct geometric region. For this rea-
son, it is important to distinguish the causal ordering of
transitions from the non-causal ordering that comes about
from the selection of a particular firing sequence.

To solve this problem, our POSET timing algorithm con-
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Fig. 10. Geometric regions from the adverse example.

structs a partially ordered set, or poset, for each untimed
firing sequence which is represented with an acyclic, choice-
free unfolding of the original orbital net. The poset re-
flects the concurrency and causality inherent in the firing
sequence. Initially, the unfolded net representing the poset
contains a single transition with places in its postset cor-
responding to each initially marked place. Transitions are
added in the same order as they occur in the firing se-
quence. For each transition in the firing sequence, a corre-
spondingly labeled transition is added to the unfolded net.
A set of arcs into the transition are connected from the
most recently added places in the unfolded net correspond-
ing to places in the preset of the transition in the original
orbital net. Finally, a new set of places corresponding to
the places in the postset of the transition in the original net
are added, and these places are connected to the new tran-
sition. Every place and every transition in the unfolded
net, except the first, correspond to some place and some
transition in the original net. Every place and every tran-
sition in the original net correspond to zero or more places
and transitions in the unfolded net.

A poset explicitly represents the concurrency in a par-
ticular firing sequence. That is, a particular poset corre-
sponds to many different firing sequences that differ only
in the interleavings of concurrent transitions; every such
firing sequence fires the same set of transitions and leads
to the same final untimed state. For example, the poset
represented with the unfolded net shown in Figure 11 cor-
responds both to the sequence [a,b] and to the sequence
[b, a].

(1, 40 (1, 40

Fig. 11. One poset from the adverse example.

E. State space exploration with POSET timing

State space exploration proceeds just as it does for the
geometric method, except that, for each sequence, the al-
gorithm constructs the corresponding unfolded net. With
depth-first search, this is done incrementally. The algo-
rithm also incrementally calculates a poset matrix that
stores the firing time relationship among the transitions.
For each place p in the poset, there is a unique occur-
rence of a transition in its preset, (ep,i), and its postset,
(pe,j). Note that ¢ and j are the occurrence indices for
these transitions. For each constraint place p, the con-
straint 7(ep,i) < 7(pe, j) is introduced where the function
7() is the time of the occurrence of the given transition.
For each behavioral place p in the resulting unfolded net
with a timing requirement of (I, u)b, two constraints are
introduced. The first reflects the minimum separation,
T(ep,i) — T(pe,j) < —I. The second reflects the maxi-
mum separation, 7(pe,i) — 7(ep,j) < w. All constraints
introduced in this fashion for a given unfolded net must be
satisfied. This poset matrix can then be used to produce a
geometric region which after canonicalizing represents the
full set of reachable states for the poset corresponding to
the unfolded net. Applying this procedure to the unfolded
net shown in Figure 11, the POSET timing algorithm ob-
tains at once the geometric region which encloses both re-
gions shown in Figure 10.

Figure 12 shows a poset from our example, and Figure 13
shows the geometric regions found by the evaluation of this
poset. In the initial state, only the initial reset transition
has fired, leading to the initial marking. The poset ma-
trix is a singleton 0 which states that the maximum time
separation between reset and itself is 0. In general, the
poset matrix is extended by adding the new constraints
from the firing transition and recanonicalizing. The con-
straint matrix has three components: minimum values for
each marked timed place, maximum values for each marked
timed place, and constraints on the differences between two
marked places. To compute the constraint on the difference
between two marked places, the algorithm copies the con-
straint on the difference between the firing times of the two
transitions in their presets (which may be the same tran-
sition) from the poset matrix. The minimum values for
newly marked timed places are set to zero; the minimum
values for timed places that retain their token are copied
from the enabling region of the previous state. The max-
imum values are computed as before; the maximum delay
for behavioral places and infinity for constraint places. The
algorithm can then canonicalize the resulting matrix with
a specialization of Floyd’s algorithm in time O(n?); this is
the time-extruded set of reachable states for all transition
sequences that share this partial order.

Returning to our example, to fire bst from the initial
state, the algorithm extends the poset with the additional
transition. Then, the algorithm computes the enabling re-
gion as before; this provides the minimum values for the
timed places that retain their token. The algorithm then
extends the poset matrix; the empty matrix is extended
with the bounds on the separation between the reset tran-
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Fig. 13. Example poset state space exploration for the sequence [bst, aft, afl].
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Fig. 12. A poset for the consumer/resource example.

sition and the transition bst, derived from the behavioral
timing place [2,10]. The resulting matrix is shown in row
1 of Figure 13.

Compare row 2 between Figure 8 and Figure 13 to see
that already, after two firings, the reached states are larger
for the POSET method; after three firings, the difference
is even more dramatic. Unlike in the geometric region
method, the geometric region found in row 3 is a superset
of that found in row 1, so all further execution from row
1 can be canceled in the POSET timing method. For our
example, the POSET timing method can represent the full
set of reachable timed states with only 9 geometric regions
after only 26 transition firings.

The POSET timing algorithm is shown in Figure 14.

The algorithm begins with an initial state composed of the
initial marking, geometric region, and poset matrix. Next,
it calculates the set of timed enabled transitions, and it se-
lects one to fire. The algorithm then restricts the region to
the subset where the transition is enabled to fire, canonical-
izes this new region, and checks if any constraint places for
this transition have not met their lower bounds. Next, the
algorithm updates the marking and poset, and computes
the new geometric region. The clocks in this new region
are then allowed to advance subject to maz-advance, and
the region is canonicalized and normalized. Normalization
is the step which keeps the state space finite by taking care
of infinite upper bounds. If in the new region any con-
straint place is able to exceed its upper bound, a failure
is reported. The new timed state is then checked to see if
it has been seen before. If it has not, then it is added to
the state table, and a new set of timed enabled transitions
are computed. If it has been seen before, then a timed
state is popped off the stack. For the next timed state, the
set of untimed enabled transitions are computed, and if
any marked behavioral does not have an untimed enabled
transition in its postset, a failure is reported. If the stack
is empty, then the state space exploration is complete.

Note that POSET timing still explores every reachable
untimed state and every reachable timed state. This allows
us to verify arbitrary timing properties, and to use the
resulting state graph to synthesize a timed circuit.

Our examples enable only two clocks at a time so the
regions can be drawn in 2-dimensions. The improvements
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Algorithm III.1 (POSET timing)
RG POSET _timing(orbital net N = (P, T, F, My, A)) {
TS:MOXR()XQ();
M = Moy; R = Ro; Q = Qo;
® = {TS};
T; = find_timed_enabled(N, TS);
done=false;
while (—done){
t = head(T});
push(TStail(T}));
R = RU{clk; > I;} where p; € (et N B)
R=canonicalize(R);
if (3p; € ot NC . clk; < I;) then return failure;
M=update_marking(N, M, 1);
Q=update_poset(N,Q,t);
R=compute_region(N, Q);
R=advance_time(N, R);
R=canonicalize(R);
R=normalize(R);
if(3p,e(MNC).
return failure;
Tsnew:MxRxQ;
if (TSpew ¢ ®)then
S =dU{TSnew};
T =TU{(TS,t, TSnew)};

clk; > ui) then

TS=TSnew;
T; = find_timed_enabled(N, TS);
else

if (stack is not empty) then (TS, T;) =pop();
else done = true;
if(@3pe BNM .pen T, (M) =0) then
return failure;
}
return (®,T);

}

Fig. 14. POSET timing algorithm.

due to POSET timing are much more dramatic with many
more simultaneous clocks due to the n! potential orders in
which those clocks can be enabled. In fact, the POSET
method typically reduces the average number of timed re-
gions for each untimed state to a value close to one. For
the adverse example in Figure 9, POSET timing obtains
exactly one geometric region corresponding to the one un-
timed state.

F. Efficiency considerations

The number of transitions in the unfolded net is equal to
the length of the firing sequence plus one, and it increases
with the depth of our search. Calculating the minimum
separations between the occurrence times in the unfolded
net, even with our incremental O(n?) approach, becomes
prohibitively expensive as the firing sequence lengthens. In
addition, the algorithm needs a poset matrix for each step;
this would require a tremendous amount of storage during
depth-first search.

To keep n bounded as the depth of our search increases,

the algorithm determines what prefix, if any, of the un-
folded net can safely be ignored. The algorithm can elim-
inate any transitions that no longer affect future calcula-
tions. In general, the algorithm can eliminate a variable
from any set of equations or inequalities whenever it has
produced the full set of equations or inequalities that use
that variable. Since all constraints introduced through the
firing of a transition are associated with places connecting
the new transition to the old, once a transition in the un-
folded net no longer has any marked places in its postset,
it is eliminated from the poset matrix. Thus, our n is—at
most—the number of marked places in the original net at
any given time, plus one for the current transition.

As with geometric timing, POSET timing backtracks
whenever a new geometric region is a subset of a previously
seen geometric region. POSET timing also takes advantage
of the fact that if the newly found region is a superset of
a previously seen region, then any pending state space ex-
ploration from the previously seen region can be canceled,
and the previously seen region can be removed from the
list.

In addition, a hash table of canonicalized sequences of
posets that have been explored can be kept; by comparing
each potential extension of the poset against the previously
seen ones, we can avoid visiting the same poset multiple
times. Performing this check is usually significantly faster
than performing all the timing calculations, so this can save
execution time at the expense of memory.

IV. APPLICATIONS

This section describes the application of POSET timing
to the synthesis and verification of timed circuits.

A. Synthesis

Synthesis is the process of transforming a specification
into a circuit implementation. Qur synthesis procedure be-
gins with a specification in high-level language from which
a hazard-free timed circuit implementation is generated us-
ing only basic gates such as AND gates, OR gates, and C-
elements. After the specification is translated to an orbital
net representation, the POSET timing algorithm is used to
find the set of reachable states. Our synthesis procedure
is briefly described here. For a more complete description,
please see [27], [28].

From the resulting SG, there are several different ap-
proaches that could be used to obtain a gate-level timed
circuit implementation. The first approach is to use a tra-
ditional boolean minimization technique directly. Unfortu-
nately, if the logic is mapped to basic gates and the delays
of these gates are considered individually, the implementa-
tion may be hazardous. Another approach is to split the
design of the rising and falling transitions to obtain a gen-
eralized C-element implementation [1] and decompose it to
basic gates. The basic structure is depicted in Figure 15(a)
in which the upper sum-of-products represents the logic for
the set, the lower sum-of-products represents the logic for
the reset, and the result is merged with a C-element. This
can be implemented directly in CMOS as a single compact
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gate with weak-feedback as shown in Figure 15(b) or as a
fully-static gate as shown in Figure 15(c). This technique
alleviates some of the hazard problems, but it may still be
hazardous when mapped to basic gates. To address this
problem, after a generalized C-element implementation is
produced and decomposed to basic gates, the design could
be back-annotated with delays from the gate library, and
the circuit could be verified. While this may often work, it
is not clear what to do in the cases in which a hazard does
exist. Also, a hazard is a spurious transition which wastes
power and does no useful work. In a power efficient imple-
mentation, it is desirable to have logic which is hazard-free
both internally and externally.

Soo.
Sor

S10
S11

—foo
-log.

set,

Tese
Al b

gy

Fig. 15. (a) The generalized C-element configuration with (b) weak-
feedback and (c) fully-static CMOS implementations.

To avoid the hazard concerns discussed above, we take a
standard C-implementation approach in which each rising
and falling region for each output signal is implemented
using an atomic gate (often a single cube or AND gate),
which must satisfy certain correctness constraints. While
the general structure of the standard C-implementation is
similar to the generalized C-element structure shown in
Figure 15(a), each set or reset cube is implemented with
an atomic gate that must satisfy certain constraints to
guarantee that the merged implementation is a gate-level
hazard-free circuit. The approach is conservative in that
timing analysis may show that the decomposed generalized
C-element implementation is sufficient, but the overhead
required tends to be small to get a safe implementation
that is free of internal hazards. It has been observed that
the atomic gate is often only a single cube. In [28], 23 of
the 27 speed-independent benchmarks had a single cube
implementation. In at least one of the four that does not
have a single cube implementation, one exists when real-
istic timing numbers are incorporated into the design of a
timed circuit. In [28], a single-cube algorithm is described
that is typically over an order of magnitude faster than the
general algorithm used for multi-cube atomic gates. Both
algorithms have been implemented for timed circuits. For
descriptions of the algorithms, please see [28]. This sub-
section describes the theory and justifies its correctness for
timed circuits.

The cover of a set region C(uf,k) (or a reset region
C(ul,k)) is a set of states for which the corresponding
atomic gate in the implementation evaluates to one. In or-
der for a cover to lead to a hazard-free implementation, it
must satisfy certain correctness constraints [29], [28]. These
constraints guarantee that any gate in the implementation
only changes when it is actively driving the output signal
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to change. This ensures that the transition of the gate is
acknowledged.

First, a correct cover needs to satisfy a covering con-
straint which says that the reachable states in the cover
must include the entire excitation region but must not in-
clude any states outside the union of the excitation region
and associated quiescent states, i.e.,

ER(ux, k) C [C(ux, k) N ®] C [ER(u*, k) U QS(ux)]

where “*” indicates either “4” for set regions or “|” for
reset regions.

Second, the covers of each excitation region must also
satisfy an entrance constraint to ensure hazard-freedom.
This constraint says that the cover must only be entered
through excitation region states, i.e.,

[(s,t,8") €T As & Clux, k) A s € Clux, k)]
= s' € ER(ux, k)

The definition of correct covers is based on the defi-
nition given for speed-independent circuits in [29], [28].
Since then, other researchers have come up with similar
correctness constraints for their speed-independent design
methodologies [30], [31]. Our definition of correct covers
differs slightly from the one in [29], [28] in that QS(ux)
does not need to be a maximal connected set of states. It
is proven in the appendix that this condition is made re-
dundant by the entrance constraint. A concern may also
be raised that a quiescent state may be reachable from
multiple excitation regions; this state would be eliminated
from any correct cover by the entrance constraint which is
another implication of the proof in the appendix.

The correctness of our timed circuits is a direct result
from the proof for the speed-independent case given in [28].
In [28], it is proven that a standard C-implementation that
satisfies these correctness constraints operates correctly re-
gardless of the delay of the gates in the implementation and
the environment. In other words, all delays are unknown
and fall in the range from (0, co0). In our case, the delays of
the gates and environment are known. As for the gate de-
lays, it has already been proven that these correctness con-
straints guarantee correctness regardless of the delay of the
gates, so knowing the delays of the gates does not change
that. This delay information, however, has also been used
by the POSET timing algorithm to find all possible inter-
leavings between both the input and output signals (i.e.,
the SG). In other words, the timing information has limited
what signal orderings are possible. As long as the states in
the reduced state graph are the only reachable states, the
correctness constraints guarantee correct circuit operation.
Therefore, the only concern would be that the delays of the
actual circuit implementation allow additional states. As
long as the minimum and maximum delay of the standard
C-implementation falls in the given range, there is no prob-
lem. Checking this is the subject of the next subsection on
timed circuit verification.

The synthesis procedure using the POSET timing al-
gorithm to find the reachable state space has been fully
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automated within the CAD tool ATACS. We have applied
this procedure to several examples and compared our re-
sults with designs produced using other asynchronous de-
sign methodologies including Beerel’s speed-independent
method (SYN) [29], Lavagno’s method which adds delay el-
ements to remove hazards (SIS) [6], and Yun’s burst-mode
method (3D) [32]. The results are tabulated in Table I. The
first two examples (SEL and SEL2) are different versions
of the controller for a port selector. We also synthesized
a timed circuit implementation for the controller from the
simple asynchronous MMU described in [33]. The timing
information for these examples is derived from corner case
SPICE analysis of the datapath units and typical gates
used in the controller. This corner case analysis produces
minimum delays for the best-case process, 0 degrees C, and
5.5 volts and maximum delays for worst-case process, 125
degrees C, and 4.5 volts. Even for these extremely con-
servative delay estimates good results are obtained. We
also synthesized a DRAM controller which was originally
designed using burst-mode in [34]. The last example is
the target-send burst-mode portion of a SCSI controller
(TSBM) originally specified using a burst-mode finite-state
machine in [34]. The delay numbers for these designs are
taken from conservative delay estimates from the original
design [35].

First, the literal counts (Lit) for the gate-level circuits de-
rived using the generalized C-element (gC) technique and
our standard C-implementation techniques is compared.
Our results show only about a 10 percent increase in lit-
eral count for generating a safe implementation that has no
internal hazards. For the first three examples, the timed
implementations are compared with those produced by SYN
and SIS in terms of area represented by transistor count
and latency normalized to the delay of an inverter. The
timed implementations are about 40 percent smaller and
faster than the speed-independent ones produced by SYN.
Compared with SIS, the area gains are about the same, but
the improvement in delay is now about 50 percent. The ta-
ble also gives the number of reachable states (|®|) for timed
and other methods. The results show up to two orders of
magnitude less states in the timed case. In fact, due to
the large state space of the MMU example, SIS runs out of
memory during synthesis. The last two examples are com-
pared with the 3D method with the 3D specifications and
results taken from [32] assuming a 0.3ns inverter delay in a
0.8um CMOS process. For these designs, our timed circuits
show about a 30 percent improvement in area (comparing
literal count) and delay.

The DRAM controller is of particular interest because it
is typically implemented as a synchronous circuit. Since a
DRAM controller must interface with a synchronous envi-
ronment, it cannot be implemented as a speed-independent
asynchronous circuit, but it can be implemented as a timed
circuit that satisfies certain timing constraints. Our gate-
level timed circuit implementation is shown in Figure 16(a).
A synchronous implementation of the DRAM controller
shown in Figure 16(b) is generated using Berkeley’s syn-
chronous synthesis program SIS [36]. Surprisingly, our

timed design is about 40 percent smaller and 30 percent
faster. The critical path of the timed circuit is only 2
gates and a memory element as compared to 4 gates and a
memory element for the synchronous design. There is an
additional speed advantage when the margins needed for
setting the clock period are taken into account. There is
also a significant improvement in power consumption since
our timed design produces no spurious transitions. These
improvements come about from the sequential don’t-care
information that is taken into account when the behavior
of the environment is considered. In present synchronous
design tools, this environmental information is neglected.
Of course, a synchronous design could be produced tak-
ing this information into account as illustrated in our next
example.

dtack

(b)

Fig. 16. (a) Timed and (b) synchronous circuits for a DRAM con-
troller.

If the clock is considered simply as another input, syn-
chronous circuits can also be designed using our method-
ology. The last example is therefore a synchronous design:
a two-bit counter. Using SIS and a standard synchronous
gate library, the implementation for the counter shown in
Figure 17(a) is derived. This implementation uses 32 tran-
sistors and has a critical path through an inverter, 2 NAND
gates, and a latch (approximately 6 inverter delays). The
complex gate implementation synthesized for the counter is
shown in Figure 17(b). This implementation takes 6 tran-
sistors for the logic and 16 for the latches. The critical path
through the logic is an inverter, a pass gate, and a latch
(approximately 2.5 inverter delays). Our implementation
is more than 30 percent smaller and more than twice as fast
as the one produced using the synchronous synthesis tool
SIS. Comparing the implementations, we find that both
implement C{ using a single inverter. The difference is in
the implementation of C{. Our timed circuit implementa-
tion makes use of the information that C] only changes in
states where Cj is high. Thus, it is implemented using an
inverter and a pass gate which is gated on Cy. SIS’s imple-
mentation, on the other hand, does not take into account
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TABLE I
EXPERIMENTAL RESULTS.

Timed Other Design Methodologies
gC ATACS SYN SIS 3D
Ex. |®| | Lit | Lit | Area | Del | |®| | Area | Del | Area | Del Lit | Del
SEL 53 | 25| 27| 104| 5| 256 160| 7| 158 11 | n/a | n/a
SEL2 36 | 19 | 21 76 5 128 108 | 6.5 130 11.5 | n/a | n/a
MMU 187 | 56 | 62 210 | 4.5 | 23,296 412 10 | out of memory | n/a | n/a
DRAM || 79| 38| 38| 110 | 5.5 n/a | n/a|n/a| n/a n/a | 46 7
TSBM | 113 | 32| 33| 140 | 4.5 n/a | n/a|n/a| n/a n/a | 58| 7.5

the sequencing of the states. For example, if a sequence
of states in which the counter is counting 00-11-01-10 is
possible, this circuit would generate the correct next state
given the current state. This extra logic, however, is un-
necessary since this counter always goes through the states
in the same order: 00-01-10-11-00, etc.

(b)

Fig. 17. Implementation of a two-bit synchronous counter derived
using (a) SIS and (b) ATACS.

B. Verification

Verification is the process of checking if the synthesized
circuit satisfies its specification. Our verification procedure
requires both a specification and circuit implementation ei-
ther given in or translated to an orbital net representation.
The orbital net for the specification is mirrored (i.e., inputs
and outputs are swapped) [37] and composed with the or-
bital net for the implementation. The state space is then
explored using the POSET timing analysis algorithm de-
scribed earlier. If a failure is detected in the process of
exploring the state space, an error trace is returned, oth-
erwise the timed circuit is found to implement its timed
specification. In order to verify timed circuits, our verifica-
tion procedure adopts trace theory as defined by Dill [37] as
its behavioral semantics, as well as Burch [8] extensions to
trace theory semantics for timed circuits. Our verification
procedure provides structural constructions and syntactic
shorthands for labeled safe Petri nets that correspond to
the behavioral semantics operations.

To verify that our synthesized timed circuits implement
their timed specifications, our verification procedure be-
gins with the specification in a high-level language and the
implementation given as a netlist of basic gates. The spec-
ification is translated to an orbital net representation in
which the timing requirement for each behavioral place in
the preset of an output transition is changed to a con-
straint place with timing requirement (0, c0)c. These con-
straints must be satisfied by the timed circuit implementa-

tion. Note that a {0, co)c timing requirement is used rather
than the delays given in the original behavioral place, since
circuits with delays outside this range may function cor-
rectly. For (0,00)c constraint place to be satisfied, it is
necessary for this place to be marked whenever a tran-
sition in its postset has its behavioral place marked. In
other words, if the circuit produces an output transition,
the specification must be in a state in which it is willing to
accept that transition. If a performance constraint is de-
sired, additional constraint places with finite delay ranges
can be added as well.

For each gate in the implementation, an orbital net is
constructed corresponding to an instantaneous function
block such as the one given for the AND gate in Fig-
ure 18(b). This net is composed with a delay element such
as the one in Figure 18(c) with the behavioral timing re-
quirement set by the delay given in the gate library. The
behavioral place labeled (2,4) indicates that an output oc-
curs between 2 and 4 time units after the preceding input
occurs; no behavior violating this requirement are gener-
ated by the net. The constraint places do not constrain
the behavior of the net, but if another input event occurs
before the preceding output event then the environment
violates the specification. Composition of these nets gives
an AND gate operating under the output delay model. In
a similar manner, an AND gate operating under the in-
put delay model could also be obtained. The delay model
shown in Figure 18(c) is relatively simple, and it suffices
for many types of circuits. More complex delay models can
and have been constructed, modeling more accurately the
behavior of a gate under hazard conditions (for example,
one which models inertial delay); for these, the separation
of gate models into combinational function and delay be-
havior is essential [10]. Each orbital net in the implemen-
tation is composed with the other orbital nets as dictated
by the connections in the netlist.

To determine if a timed circuit implements its timed
specification, the reachable state space is found using the
POSET timing algorithm for the orbital net obtained by
composing the implementation with its mirrored specifica-
tion. If while exploring the state space a failure is detected,
a sequence of transitions found using a depth-first search
is reported that demonstrates the failure. This sequence,
however, may be quite long, so after reporting the fail-
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Fig. 18. (a) AND gate with inputs a and b, and output d; (b) orbital
net for its functional behavior; (c) delay buffer with input ¢,
output d, and delay of (2, 4).

ure the procedure finds a possibly shorter sequence using
a breadth-first search.

The verification procedure described in the previous sec-
tion has been automated in the tool Orbits written by Tom
Rokicki. This tool has been incorporated into the design
system for timed circuits ATACS. Experimental results are
given in Table IT which were run on an HP9000/735 with
144 megabytes of memory using CScheme 7.3. The left four
columns indicate values that are the same for geometric
and POSET timing. The startup time is the time required
to parse the input and construct the appropriate orbital
net. The number of net nodes is the sum of the places and
transitions in the resulting orbital net. The third column
gives an estimate of the number of untimed states. The
fourth column gives the number of discrete states, after
all timing parameters are divided by their greatest com-
mon divisor. The next four columns give the number of
geometric regions and the runtime in seconds for verifica-
tion using standard geometric timing and POSET timing,
respectively.

The first half of Table II consists of the automati-
cally synthesized gate-level timed circuits described above.
First, we find that the number of discrete states can be
quite large making discrete-time verification difficult, if not
impossible. Verification of these examples using POSET
timing is also more efficient than the geometric timing
approach, especially in the case of the DRAM controller
where the verification time is improved by over an order of
magnitude.

The second half of the table consists of other timed cir-
cuits and systems that exhibit a high degree of concurrency.
For example, the seitz queue element is from [38], and
seitz2 is two connected copies of this circuit. The kyy ex-
amples [35] have thirty-seven gates and timing parameters
given to three significant digits. Where the examples ran
out of time or space using the geometric method, often the
verification is far from done. For the seitz2 example, af-
ter one hour of CPU time, only 1,404 of the 4,572 untimed
states have been seen, yet 473,202 distinct geometric re-
gions have been encountered. One particular untimed state
has 13,275 distinct geometric regions at this point. POSET
timing for this example finds the entire state space as 5,820
geometric regions in one half minute of CPU time.

One more thing to consider from Table II is the ratio of
the number of regions found using POSET timing to the

number of untimed states. We find that POSET timing
often finds on average very close to one, and in all of our
examples, no more than two geometric regions for every
untimed state. This means that the POSET timing ap-
proach is achieving a near optimal representation of the
timed state space.

V. CONCLUSION

This paper describes POSET timing and its application
to the automatic synthesis and verification of gate-level
timed circuits. The POSET timing algorithm operates on
specifications represented as orbital nets. These nets must
satisfy the single behavioral place restriction. We describe
a net transformation method that can be applied to any
1-safe timed Petri-net to always produce an orbital net
that satisfies the single behavioral place restriction. The
POSET timing algorithm extends geometric methods us-
ing concurrency and causality information represented in
a poset. By considering posets of events instead of linear
sequences, the POSET timing algorithm is capable of sub-
stantially reducing the number of geometric regions nec-
essary to represent the reachable timed state space. Our
original synthesis method for timed circuits is restricted to
choice-free systems. POSET timing allows us to extend
this synthesis method to a very general class of systems,
namely any system that can be specified as a timed Petri-
net. We also demonstrate the effectiveness of this synthesis
procedure on several practical examples, and our results
indicate that our timed circuit implementations are signif-
icantly smaller and faster than those produced by other
asynchronous and synchronous design methodologies. Our
verification results show that POSET timing verification
can handle some larger, more concurrent examples than
the standard discrete or geometric methods. POSET tim-
ing also often finds on average very close to one and no
more than two geometric regions for every untimed state
which means this approach is achieving a near optimal rep-
resentation of the timed state space. The efficiency of the
POSET timing algorithm has allowed us to incorporate
timing into asynchronous circuit design. Our procedure
produces both efficient and reliable implementations open-
ing the door to the use of asynchronous circuits in domains
previously dominated by synchronous circuits.
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VERIFICATION RESULTS. TIME VALUES ARE GIVEN IN SECONDS. AN ENTRY OF out Of time INDICATES THAT THE VERIFICATION DID NOT

COMPLETE WITHIN TWO HOURS, AND AN ENTRY OF out Of memory INDICATES THAT THE VERIFICATION RAN OUT OF MEMORY BEFORE

COMPLETING.
Startup | Net | Untimed | Discrete Geometric POSET

Examples time nodes | states states | regions | time | regions | time

SEL 2.59 770 271 6.16e5 582 1.91 358 1.76
SEL2 2.26 616 96 2033 130 0.33 102 0.29
MMU 5.94 | 2248 547 2.21e7 1163 5.22 583 2.03
DRAM 3.83 | 1326 8093 1.17¢6 | 70611 | 1492.97 8899 | 98.13
TSBM 3.57 | 1464 305 49936 510 3.36 305 2.07
adv3x40 0.05 6 1 68921 | 1.52e5 | 164.99 1 0.01
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kyyls 1.97 | 1484 18357 >1e20 | out of memory 20250 | 321.47
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APPENDIX

Our definition of the covering constraint for correct stan-
dard C-element covers differs from the one given in [29], [28]
in that it allows the inclusion of any quiescent states in the
cover and does not restrict it to quiescent region states.
This restriction is redundant when the entrance constraint
is considered. Furthermore, if a quiescent state s is reach-
able by different paths from two distinct excitation regions,
the entrance constraint also excludes this state. This ap-
pendix proves that our correctness constraints are identical
to ones which only allow their covering constraint to extend
into states in non-shared quiescent regions.

Definition V.1: (Quiescent Path)

A stable path for signal u is defined to be a set of
states {so, $1,82,...,8,} such that for all i less than n,
(siytiysi+1) € T and for all i greater than 0, signal u is
stable (i.e., so = F and s1(u) = sa(u) = ... = s,(u) =0 or
s0 = R and s1(u) = s2(u) = ... = sp(u) =1).

Theorem V.1: A correct cover for ER(ux,k) as defined
in Section IV-A cannot include a quiescent state s which

can be reached through a quiescent path that begins with
a state s’ which is not in ER(ux, k).
Proof: (by contradiction) Assume that state s is in C(ux, k)
and there exists a quiescent path that begins in state
so = s' which is not in ER(ux, k) (i.e., it is in ER(ux*, k"))
and ends in state s, = s. From the covering constraint,
s' cannot be in C(u%, k) since it is in neither ER(ux,k)
or QS(ux). Since &' is not in C(ux, k) and s; is not in
ER(ux,k) (the second state in the quiescent path is in
QS(ux)), s1 cannot be in C(u%, k) due to the entrance
constraint. Since s; is not in C(ux,k) and sz is not in
ER(ux,k), sy also cannot be in C(ux,k) due to the en-
trance constraint. This argument can be carried through
to state s (i.e., state s,) to show that state s cannot be in
C(u*, k) ]
Note that this proof shows that the entrance constraint
eliminates from covers any quiescent states reachable from
other excitation regions whether they are reachable by the
excitation region being covered or not.
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