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Abstract—This paper presents an improved timing

algorithm for the analysis of timed Petri nets that is

based on the POSET algorithm. The new algorithm

reduces the number of redundant concurrent order-

ings the POSET algorithm explores by directly consid-

ering causal assignments. This paper shows that the

new algorithm, when compared to the original POSET

algorithm, results in an average 2.25 times improve-

ment in runtime and a 57% reduction in stored zones

when applied to a suite of example circuits. Although

the new algorithm can suffer an exponential increase

in the number of causal assignments it must consider,

this paper shows it to be a property of the POSET al-

gorithm itself that does not happen often in practice.

I. Introduction

To increase performance, circuit designers are experi-
menting with timed circuits—a class of circuits that rely
on a complex set of timing constraints for correct func-
tionality [1, 2]. This is evidenced by industrial scale ex-
perimental designs such as the Intel RAPPID instruc-
tion length decoder [3], SUN’s GASP pipelines [4], IBM’s
IPCMOS pipelines [5], the IBM guTS microprocessor [6],
and the University of Washington output prediction logic
(OPL) 64-bit adder [7]. Although RAPPID, GASP, and
IPCMOS are asynchronous and guTS and OPL are syn-
chronous, all of these designs use formal timing con-
straints to achieve better performance. Algorithms to
check timing constraints are required to make these types
of designs practical. Due to the complexity of the tim-
ing constraints, however, traditional static timing anal-
ysis is not adequate. Timed state space exploration is
required; thus, improved timed state space exploration is
paramount to producing efficient timed circuits.

The addition of time to any method of state space ex-
ploration, in general, exacerbates state explosion. This is
because any approach must define a timed state that not
only describes the untimed state of the system (i.e., the
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value of all signals in the circuit) but information indi-
cating the occurrence of that untimed state in time. A
set of timed states may have a common untimed state
but be unique in their occurrence in time; thus, the time
representation in the timed state now affects the size of
the timed state space. A discrete model of time divides
time into a minimum discrete quantum. This bounds the
size of the timed state space because time is no longer
a continuous quantity [8]. This approach lends itself to
symbolic methods to compactly represent the timed state
space [9, 10]. Practical results using discrete methods are
promising as recently shown by [11]. Choosing an ade-
quate time quantum, however, is critical to discrete tim-
ing analysis. If the quantum is too large, then behaviors
of the system are masked and lost. If the quantum is too
small, then the timed state space is too large to manage
[12]. The dependence on the size of the time quantum in
discrete models erodes confidence in the analysis of com-
plex timing constraints. A masked timing behavior due to
the size of the time quantum can lead to an actual timing
failure in an aggressively timed circuit. A more precise
time model is required for circuit analysis.

A continuous time model does not restrict when things
occur. In a continuous time model, timing information
is often represented by time separations—the amount of
time that elapses between any two transitions in the cir-
cuit. A set of seemingly concurrent transitions in a circuit
may actually be ordered in time due to various combina-
tions of delays. A timed state space can be derived by
ordering these seemingly concurrent transitions according
to their time separations. The minimum and maximum
time separations of transitions in the circuit can be cal-
culated from the structure of the circuit model. These
minimum and maximum separations are used to approx-
imate the actual timed state space [13]. This approach
to timing analysis is limited in its scope of application.
Although most circuits have deterministic behavior for a
given set of inputs, their testing environments are often
modeled by random processes. Algorithms to calculate
the minimum and maximum time separations do not ade-
quately address non-determinism in environment models,
as well as classes of circuits that include arbiters.

Non-determinism can be analyzed in a continuous time



model by deriving time separations from execution traces
in the circuit. Each explored trace can potentially gener-
ate a unique set of time separations at each untimed state
of the trace. A set of time separations at a given untimed
state can be grouped into equivalence classes called re-
gions [14, 15]. A timed state is created for each unique
region generated at an untimed state during the trace evo-
lution. A region naturally address the continuous nature
of the timed state space but is too small to significantly
reduce the number timed states. Zones extend regions by
representing larger equivalence classes using convex hulls
[16]. These can be represented in difference bound matri-
ces (DBMs) [16] since they represent allowed separations
in a system, and many efficient algorithms have been de-
veloped to manipulate DBMs [17]. DBMs can also be
implicitly represented [18, 19].

A zone implicitly represents an allowed execution trace
in the circuit. A different ordering on a set of concurrent
transitions can lead to a different zone. This creates an
exponential branching in the timed state space. As the
zone is a partially ordered set relating various transition
times, it is possible to reduce branching in the timed state
space by adding fewer relations to the set. Local time
semantics and partially ordered sets (POSETs) remove
orderings in the zone on sets of independent concurrent
signal transitions reducing the representation size of the
timed state space [20, 21, 22, 23, 24, 25].

POSET reduction in the timing analysis of Timed Petri
nets (TPN)—Petri nets with timers on the places—yields
a significant reduction in the number of zones associated
with each marking [24]. The algorithm in [24] implements
the POSET reduction on concurrent independent signal
transitions. It explicitly models, however, timers on the
places; thus, it needlessly considers many redundant or-
derings of firings of these timers [21].

An optimization to the POSET algorithm removes
some redundant orderings of concurrent place timer fir-
ings, but this optimization is limited to specific timing
conditions [24]. The work in this paper addresses this
issue in a general framework by realizing an optimiza-
tion suggested in [21], but not formalized or implemented,
to remove redundant orderings from the POSET timing
analysis of TPNs regardless of the timing conditions. This
papers shows that the new algorithm, when compared
to the original POSET algorithm, results in an average
2.25 times improvement in runtime and a 57% reduction
in stored zones when applied to a suite of example cir-
cuits. Although the new algorithm can suffer an expo-
nential increase in the number of causal assignments it
must consider, examples with this property appear to be
rare. This is a similar issue that is a property of the orig-
inal POSET algorithm. The new algorithm, however, is
limited to TPNs that do not contain independent loops.
If a TPN contains an independent loop, then the new
algorithm is divergent in the timed state space represen-
tation. Fortunately, this property seems to appear in only

contrived examples.
The remainder of this paper is organized as follows:

Section II presents the semantics of timed Petri nets; the
formal model used to represent systems in this work. Sec-
tion III describes the timing information stored in the
timed state space; it shows that a finite representation
of the timed state space exists for any valid timed Petri
net. Section IV presents the new POSET algorithm; it
demonstrates that the new algorithm creates a finite rep-
resentation of the exact timed state space in the absence
of independent loops in the TPN. Finally, Section V con-
cludes by presenting results, strengths and weaknesses of
the algorithm, and suggestions for future work.

II. Timed Petri nets

A timed Petri net is a five-tuple N = 〈P, T, F, ∆, µo〉.
P = {p1, p2, . . . , pm} is a finite nonempty set of places.
T = {t1, t2, . . . , tn} is a finite set of transitions. F ⊆ (P ×
T )∪(T×P ) is the flow relation. ∆ : P → Q+×(Q+∪{∞})
is a function mapping each p ∈ P to a possibly un-
bounded delay, where Q+ is the set of non-negative ratio-
nal numbers. For convenience, ∆(p) = (l, u) where l ≤ u;
∆l(p) = l and ∆u(p) = u return the lower and upper de-
lay bounds for place p. µo ⊆ P is the initial marking of
the net. For any transition t, •t = {p ∈ P | (p, t) ∈ F}
and t• = {p ∈ P | (t, p) ∈ F} are the preset and postset
places of transition t. A marking µ is any subset of P .

A timed state for a net N is a pair σ = (µ, C), where µ

is a marking of N and C : P → Q+ is a timer function.
The initial state σo is (µo, Co) where Co(p) = 0 for all
p ∈ µo. For a timed state σ = (µ, C): let enabled(µ) =
{t ∈ T | ∀p ∈ •t, p ∈ µ} be the set of enabled transitions
in a given marking (i.e., transitions that have a place in
the marking for each member of their preset); and let
satisfied(σ) = {p ∈ µ | C(p) ≥ ∆l(p)} be the set of places
in the marking whose timers have achieved their lower
bound. A timed state change can either be the firing of a
transition, or it can be the passage of time. A transition tf

can fire in σ = (µ, C) if it is enabled (tf ∈ enabled(µ))
and satisfied (∀p ∈ •t, p ∈ satisfied(σ)) in the timed
state. The new timed state σ′ = (µ′, C′) derived from
firing tf in σ = (µ, C) is computed as: µ′ = µ′′∪tf• where
µ′′ = (µ−•tf); and ∀p ∈ µ′, if p ∈ µ′′, then C′(p) = C(p),
else C ′(p) = 0. Note that transition tf happens instantly.
A quantity of time τ ∈ Q+ can pass in state σ = (µ, C)
iff ∀t ∈ enabled(µ), ∃p ∈ •t . C(p)+ τ ≤ ∆u(p), meaning
that every enabled transition must be able to accept τ

without being forced to fire. Note that a transition can
allow place timers in its preset to expire before it fires,
but it must fire before they all expire. The new timed
state σ′ = (µ′, C′) derived from advancing time by τ in
σ = (µ, C) is computed as: µ′ = µ; and ∀p ∈ µ′, C′(p) =
C(p) + τ .

A run ρ = σo
x1→ σ1

x2→ σ2 . . . σn−1

xn→ σn is a possibly
infinite sequence of timed states (σi) separated by timed



transitions—a pair xi = (τi, ti) denoting that from the
timed state σi−1, τi units of time are passed, and then
transition ti is fired leading to the next timed state σi

in the current run. Let ρ(j) = σj for 0 ≤ j ≤ n. Let
Σ = {ρ1, ρ2, ρ3, . . .} be the set of all possible runs of N .
A state σ is reachable iff ∃(i, j) . (ρi ∈ Σ) ∧ (ρi(j) =
σ). Let Φ be the set of all reachable timed states in N .
A TPN is said to be one-safe if for any reachable state
σi−1 = (µi−1, Ci−1) and timed transition xi = (τi, ti) in
any possible run ρ ∈ Σ, (µi−1 − •tj) ∩ tj• = ∅. The
remainder of this work is restricted to one-safe nets.

III. Timing Information

The sets of reachable timed states Φ and possible runs Σ
are infinite because each timer function associates rational
values with the ages of places. To obtain a finite represen-
tation of the infinite timed state space, the timed states
are grouped into equivalence classes represented by a set
of linear inequalities called zones. Let x and y be vari-
ables and q be a constant rational number, then x−y ≤ q

relates the difference between x and y to q. An example
of a zone from the net fragment shown in Fig.1 is:

I = {3 ≤ xB − xA ≤ 7, 2 ≤ xC − xA ≤ 5}.

This zone restricts the separation between xA and xB to
the range [3, 7] and the separation between xA and xC to
the range [2, 5]. Any separations that are not defined in
the zone are unbounded. If xA, xB, and xC correspond to
the transitions in Fig.1, then the example zone I defines
when B and C can occur in time relative to transition A.

If I is a set of defined relations for a given zone,
then var(I) = {x1, x2, . . . , xn} returns the ordered set
of variables the relations in I are defined on. The
function var(I, t) returns the variable in I that corre-
sponds to transition t, otherwise it returns NULL. A vector
(a1, a2, . . . , an) of rational constants is feasible for zone I

iff every relation in the zone obtained by replacing xi ∈
var(I) by ai for 1 ≤ i ≤ n holds. A feasible vector for
the example zone is (5, 9, 8): xB − xA = 9 − 5 = 4 and
3 ≤ 4 ≤ 7; xC − xA = 8 − 5 = 3 and 2 ≤ 3 ≤ 5. A
zone is consistent if there exists a feasible vector for it.
A zone has a canonical form that is obtained by applying
a shortest-path algorithm to its set of linear inequalities.
The canonical form of the example zone is

I = { 3 ≤ xB − xA ≤ 7,

2 ≤ xC − xA ≤ 5,

−2 ≤ xB − xC ≤ 5 }.

The canonical form of the example zone resticts the sep-
aration between C and B to be in the [−2, 5] range. This
means that B cannot occur more than 5 time units af-
ter C; and C cannot occur more than 2 time units after
B. To check that a zone is consistent, it is first put in
a canonical form. If a negative weight cycle exists in the
canonical form, then the zone is inconsistent.

A

CB

D E

[2,10]

[2,5]

[1,2]
[6,10]

[3,7]

p2

p5p3 p4

p1

Fig. 1. A fragment of a simple TPN.

IV. Improved POSET Algorithm

The POSET algorithm can best be understood by ex-
ample. In a traditional total order zone based method, the
timed state can be represented using a set of inequalities
showing the time separations between the place timers.
For example, the timed state of the net in Fig.1 after
transition A has fired is

µ = { p1, p2 }
I = { 0 ≤ p1 − p0 ≤ 5,

0 ≤ p2 − p0 ≤ 5,

0 ≤ p1 − p2 ≤ 0 }

The dummy variable p0 is used as a reference point. All
place timers are defined relative to the reference point p0.

From this point, the total order algorithm considers the
firing of either place p1 or p2. This is because I allows
these timers to fire in either order. Consider the firing
of p1. This causes transition B to fire. The firing of B

removes p1 from the marking, and adds the new place p3.
The relations defined for p1 must also be removed from Ip

while new relations are added for p3 to Ip. The relations
added to Ip for p3 are as follows: first, the relative time
of p2 and p0 is adjusted to show that at least 3 time units
have passed to allow B to fire (i.e., {3 ≤ p2 − p0 ≤ 5});
second, {0 ≤ p3 − p0 ≤ 2} is added to set the bounds for
the new place; and third, the separation between p2 and
p3 can be determined by copying the separation between
p2 and p0 (i.e., {3 ≤ p2 − p3 ≤ 5}). The resulting timed
state is shown below:

µ = { p2, p3 }
I = { 3 ≤ p2 − p0 ≤ 5,

0 ≤ p3 − p0 ≤ 2,

3 ≤ p2 − p3 ≤ 5 }

In this state, either p2 can fire or p3 can fire since they
can both be satisfied in this timed state. If p2 fires, p4

and p5 are added to the marking and to I is updated to



obtain the new timed state of the system:

µ = { p3, p4, p5 }
I = { 0 ≤ p3 − p0 ≤ 2,

0 ≤ p4 − p0 ≤ 2,

0 ≤ t5 − p0 ≤ 2,

−2 ≤ p4 − p3 ≤ 0 }
−2 ≤ p5 − p3 ≤ 0 }
0 ≤ p5 − p5 ≤ 0 }

When the algorithm goes back and fires p2 first followed
by p1, the following timed state is derived for the same
marking.

µ = { p3, p4, p5 }
I = { 0 ≤ p3 − p0 ≤ 2,

0 ≤ p4 − p0 ≤ 5,

0 ≤ t5 − p0 ≤ 5,

0 ≤ p4 − p3 ≤ 5 }
0 ≤ p5 − p3 ≤ 5 }
0 ≤ p5 − p4 ≤ 0 }

Let us now consider the POSET algorithm described in
[24]. This algorithm operates on two zones to determine
the state of the TPN: one contains place timer separa-
tions (Ip) and the other contains transition separations
(It). The initial timed state of the net in Fig.1 is nearly
the same except Ip = I and It = ∅. The zone It is empty,
because there are no transitions to define relative to tran-
sition A.

The firing of p1 causes transition B to fire. B is added
to It by defining its firing time relative to A: {3 ≤ xB −
xA ≤ 7}. Again, new relations are added for p3 to Ip. The
first two are the same, but the last one is now computed
from It to be {3 ≤ p2 − p3 ≤ 7} which denotes that p2

is at least 3 time units ahead of p3 and no more than
7 time units ahead. Now, the two zones are put into
cananical form to tighten down all relations resulting in
the following timed state:

µ = { p2, p3 }
Ip = { 3 ≤ p2 − p0 ≤ 5,

0 ≤ p3 − p0 ≤ 2,

3 ≤ p2 − p3 ≤ 5 }
It = { 3 ≤ xB − xA ≤ 7 }.

Note that so far Ip is still equal to I .

When p2 fires, the transition C is added to It. This is
done by defining its separations relative to A. It is then
put into canonical form and all relations relating it to A

can now be removed from It because A is not required by
the new marking. p4 and p5 are also added to the marking

and to Ip to create the new timed state of the system:

µ = { p3, p4, p5 }
Ip = { 0 ≤ p3 − p0 ≤ 7,

0 ≤ p4 − p0 ≤ 7,

0 ≤ t5 − p0 ≤ 2,

−2 ≤ p4 − p3 ≤ 5 }
−2 ≤ p5 − p3 ≤ 5 }
0 ≤ p5 − p4 ≤ 0 }

It = { −2 ≤ xB − xC ≤ 5 }.

In this case, Ip is not equal to I . Instead, it is equal to the
union of the two I ’s found by two possible interleavings to
obtain this marking. The reason is this equivalence class
does not include any explicit relations ordering transitions
B and C. Although the algorithm fired B before it fired C,
this information has been discarded when the timed state
is derived for the marking shown in Fig.1. Note that this
does not allow any new timed states that do not already
exist in the allowable runs of the net; thus, the larger
equivalence class contains more timed states from the set
of reachable states reducing the number of equivalences
classes needed to represent the timed state space. This is
the essence of the POSET algorithm in [22, 23, 24, 25].

This algorithm though has a couple sources of ineffi-
ciency. The first is the need to maintain two separate
zones. The second is that operating on place transition fir-
ings can substantially increase the number of zones needed
to represent the timed state space. This second problem
can be illustrated using the example shown in Fig.2. In
this example, the transition D is enabled by places p1,
p2, and p3. Each place has a timer that is reset when it
receives a token and expires when it reaches the upper
time bound on its place. Assume that the places p1, p2,
and p3 all receive their tokens at the same time and have
their timers reset. In this case, the algorithm explores in
a total order the expiration of timers on the places p1,
p2, and p3 to determine the time separations between D

and its enabling transitions A, B, and C [24]. Although
the algorithm does not order A, B, and C in any tim-
ing information, it does explore the following orders of
timer firings to potentially create separate timed states
for each firing order: {(p2, p3, p1), (p3, p2, p1), (p1, p3, p2),
(p3, p1, p2), (p1, p2, p3), (p2, p1, p3)}. The (p2, p3, p1) or-
der is redundant with the (p3, p2, p1) order because both
orders determine the separation of D from its enabling
transitions based on the causal assignment of the p1 timer
(i.e., the firing p1 sets the upper bound on when D fires).
In this case, half of the explored orders are redundant;
thus, the performance of the algorithm degrades as the
number of active concurrent place timers increases.

The goal of the POSET algorithm is to avoid relating
independent concurrent transitions in the net. The equiv-
alence classes that it stores in the finite representation
of the timed state space, however, are constructed from
orderings of place timer firings. The POSET algorithm
uses place timer firings to find causal assignments; thus,
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Fig. 2. A simple TPN to show redundant interleavings.

it explores timer firings in a total order. In the example
in Fig.2, the POSET algorithm explores six orderings of
timer firings with half of those orderings being redundant
because they do not lead to new causal assignments. This
causes an increase in the size of the timed state space rep-
resentation because more equivalence classes are required
to cover all reachable states. Recall that the POSET al-
gorithm uses a place timer zone to represent the timed
state space, and it uses a transition zone to remove orders
on timers in the place timer zone construction. When a
transition fires, both zones are updated. Between transi-
tion firings, however, new place timer zones are generated
and stored in the timed state space; thus, the algorithm’s
performance is degraded. The timed state space is larger
than it needs to be, and runtime is impacted by exploring
the redundant orderings.

An optimization to the POSET algorithm only stores
clock regions when transitions fire. The clock regions
generated in exploring the total orders between transi-
tion firings are discarded. They are only used to de-
termine causality. This optimization does improve the
timed state space represenation, but our experiments have
shown that it does not improve the runtime performance.
Another optimization to the POSET algorithm removes
some redundant orderings of concurrent place timer fir-
ings, but this optimization is limited to specific timing
conditions [24]. The algorithm presented here—bourne
again POSET timing analysis (BAP)—addresses this is-
sue in a general framework by realizing an optimization
suggested in [21] to remove redundant orderings from the
POSET timing analysis of TPNs regardless of the timing
conditions. This optimization reduces the representation
size of the timed state space by covering the reachable
timed states with fewer equivalence classes. Another ad-
vantage of this algorithm is that it represents the timed
state space using a single zone.

Before presenting the BAP algorithm, it is necessary to
define the functions in the algorithm which are illustrated
using the example net shown in Fig.1. For the marking
in Fig.1, the latest time of D allowed by the net can be
defined relative to the time of B or C. Transition B is
causal to D if the latest time of transition D is defined
relative to B in the equivalence class. Thus, any tran-

sition t may have several causality assignments. Let the
function causal(µ) return the set of causality assignments
for the transitions in enabled(µ) = (t1, t2, . . . , tn). Each
member of the set causal(µ) has the form (u1, u2, . . . , un)
where each ui is the causal assignment for ti in the set of
enabled transitions. Note that there can be an exponen-
tial number of causal assignments for any given set of
enabled transitions.

Let enabling(µ, I, t) = {te ∈ T | (∃p ∈ •t, p ∈
µ) ∧ var(I, te) 6= NULL} be the set of enabling transi-
tions for t. The zone I is used in enabling(µ, I, t) to
identify those transitions that fired to create the mark-
ing µ. If a set of transitions load a single place, then
only one of those transitions could have fired for the
net to be one-safe. I is used to identify that transi-
tion. For the marking in Fig.1 and a zone I where
var(I) = {xB, xC}, enabling(µ, I,D) = {B,C}. Let
∆l(t, t

′) = maxp∈t•∩•t′∆l(p) if t • ∩ • t′ 6= ∅ otherwise
it equals ∞. This function returns the minimum separa-
tion allowed between transitions t and t′. This separation
is unbounded if t and t′ are not connected by a place;
∆u(t, t′) is defined similarly. For sc = (µ, I) where µ is the
marking in Fig.1, transition D cannot happen before p3

and p4 are satisfied; thus, the delays for p3 and p4 define
minimum time separations between D and its enabling
transitions B and C. These time separations are defined
as ∆l(B,D) = 1 and ∆l(C,D) = 6. A maximum time
separation between D and its enabling transitions B and
C is defined by either p3 or p4 depending on the causal
assignment. This separation can be either ∆u(B,D) = 2
or ∆u(C,D) = 10.

The minimum separations between an enabled tran-
sition and its enabling transitions are specified in an
equivalence class by the function lower(µ, I, tf ) = I ∪
{(var(I, tf ) − var(I, te) ≥ ∆l(te, tf ))} for all te ∈
enabling(µ, I, tf ). lower(µ, I, tf ), intuitively, returns
a zone I ′ that when used in an equivalence class s′c =
(µ′, I ′), where µ′ is the marking generated from firing
tf in µ, accepts timed states from runs that satisfy the
minimum time speparations between tf and its enabling
transitions. A maximum separation between an enabled
transition and one of its enabling transitions—the causal
assignment—is defined in I as follows: if te is the causal
assignment for tf , then the algorithm must restrict the
maximum time separation between tf and te to be the
upper bound from the place connecting tf and te (i.e.,
I ′ = I ′ ∪ {var(I, tf ) − var(I, te) ≤ ∆u(te, tf )}). An
equivalence class s′c = (µ′, I ′) created from sc = (µ, I)
by firing tf in µ to obtain µ′ with I ′ = lower(µ, I, tf ) ∪
{var(I, tf ) − var(I, te) ≤ ∆u(te, tf )} now only covers
timed states in runs that satisfy the minimum time sepa-
rations between tf and its enabling transitions, as well as
the maximum time separation between tf and te.

The sets of allowed traces Σ and reachable states Φ can
be generated by firing enabled transitions and evolving
consistent equivalence classes from an initial state in a



depth first order. Care must be taken, however, to order
transition firings according to their allowed separations
in the current equivalence class, otherwise unreachable
timed states and runs can be introduced into Σ and Φ.
An unreachable run and timed state are introduced into
Σ and Φ by an equivalence class when a transition is fired
from a set of seemingly concurrent enabled transitions
that is actually totally ordered through a combination
of delays to always occur after other enabled transitions.
Let can fire(µ, I, t) return true if there exists a causal
assignment u ∈ causal(µ) to create a consistent equiva-
lence class that allows t to fire before all other enabled
transitions. This can be checked by first creating a zone
I that includes the minimum separations for all enabled
transitions: ∀tf ∈ enabled(µ), I = I∪lower(µ, I, tf ). The
maximum separations in I are set according to the causal
assignment u. If the zone is consistent, then t can fire first
in sc = (µ, I) iff all paths from other enabled transitions in
µ to t have a positive weight in the zone I . The function
fireable(µ, I) = {t ∈ enabled(µ) | can fire(µ, I, t) =
true} returns the set of transitions that can concurrently
fire from (µ, I). Finally, delete(I, µ) removes from I any
variables associated with transitions that are no longer
found in enabling(µ, I, t) for any t in enabled(µ).

The BAP timing analysis algorithm is presented in Al-
gorithm 1. The idea of the BAP algorithm is to deter-
mine valid causal assigments using the separations in the
equivalence class rather than exploring a total order on
place timer firings. In this sense, the algorithm no longer
considers place timer firings directly. The BAP algorithm
simply tests causal assignments using the timing informa-
tion. If an assignment is valid, then it uses it to evolve a
new equivalence class.

The function of the algorithm is best illustrated by
example. Suppose that transition A just happened in
the net shown in Fig.1; thus, the marking is defined as
µ = {p1, p2}, and the zone I = ∅ with var(I) = xA. I

contains no relations because there is nothing to define
relative to A in this marking. The set of fireable tran-
sitions is computed by adding transitions B and C to I

with there allowed separations. Because A is the only
causal assignment, a single consistent zone is generated:
I = {−2 ≤ xB − xC ≤ 5} This zone allows B and C

to happen in any order; thus, fireable(µ, I) = {B,C}.
If stack = (((µ, I),B), ((µ, I),C)) at the start of the
while loop, then the function stack .pop() sets tf = B.
The new marking µ′ is computed by letting tf happen:
µ′ = {p2, p3}. The function lower(µ, I, tf ) constrains the
minimum separation between A and B to be greater than
3. As enabling(µ, I, tf ) = {A}, I ′ = {(xB − xA ≥ 3)}
after calling the function lower(µ, I, tf ). The transition
A is the only causal assignment for B, so (xB − xA ≤ 7)
is added to I ′ giving I ′ = {3 ≤ xB − xA ≤ 7}. Since
all transitions are needed for future firings, In = I ′ after
calling the function delete(I ′, µ′). I ′ is consistent and
In is not found in the representation of the timed state

Algorithm 1 Find (Φ,Σ) for N = {P, T, F, ∆, µo}

Φ = {(µo, Io)} Σ = ∅ stack = ∅
for all t ∈ fireable(µo, Io) do

stack.push((µo, Io), t)
end for

while stack.empty() 6= true do

((µ, I), tf ) = stack.pop()
µ′ = (µ − •tf ) ∪ tf•
for all te ∈ enabling(µ, I, tf ) do

I ′ = lower (µ, I, tf )
I ′ = I ′ ∪ {(var(I ′, tf ) − var(I ′, te) ≤ ∆u(te, tf ))}
In = delete(I ′, µ′)
if consistent(I ′) = true ∧ (µ′, In) 6∈ Φ then

Φ = Φ ∪ {(µ′, In)}
Σ = Σ ∪ {((µ, I), tf , (µ′, In))}
for all t ∈ fireable(µ′, In) do

stack.push((µ′, In), t)
end for

end if

end for

end while

space, so (µ, In) is added to Φ with an appropriate edge
added to Σ. The function fireable(µ′, In) = {C} for this
zone, so when the function returns back to the while loop,
stack = (((µ′, In),C), ((µ, I),C)). At this point, the al-
gorithm loops back and pops an entry of the stack to set
µ = {p2, p3}, I = {3 ≤ xB − xA ≤ 7}, and tf = C. From
this point, it computes a new zone {−2 ≤ xB − xC ≤ 5}.
Notice that to this point that the algorithm is similar to
the original POSET algorithm except that Ip is no longer
used. At this point, transitions D and E are both fire-
able. Let us consider firing D. From this point BAP will
generate two equivalence classes:

IB = {6 ≤ xD − xC ≤ 7}

IC = {6 ≤ xD − xC ≤ 10},

where the subscripts denote the causal assignments used
to generate the zones. In this class, only IC is stored in
Φ because it includes more timed states than ID. In this
manner, the algorithm continues until the stack is empty.

If this algorithm is applied to the example shown in
Fig.2, it would directly generate three zones, one for each
potential causal assignment, rather than consider six pos-
sible orderings of place firings. The result is that the num-
ber of zones needed to represent the timed state space is
cut in half. When there is larger numbers of enabling
transitions to the transition being fired, the improvement
is even more pronounced.

The following theorem can be proven for the BAP al-
gorithm. Proof is omitted due to space limitations.

Theorem 1 For a given one-safe net N : the set of reach-
able markings found by BAP is equivalent to the set of
reachable markings allowed by N .
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Fig. 3. Plot of runtime versus STARI stages.

V. Results and Conclusion

The improved POSET timing analysis algorithm, BAP,
has been implemented in the CAD tool ATACS using C++.
The algorithm runs correctly on a test suite of 149 exam-
ples, 83 of which have measurable runtimes on a Pentium
III processor with 256MB of memory. For the 83 exam-
ples with measurable runtimes, the BAP algorithm im-
proved runtime 2.25 times on average over the POSET
algorithm presented in [24, 25]. In addition, BAP rep-
resents an equivalent timed state space using 57% fewer
zones resulting in a significant reduction in memory.

Fig.3 presents the runtimes of both the BAP and
POSET algorithms for various stages of STARI buffers.
A STARI buffer enables communication between 2 syn-
chronous systems operating at the same clock frequency
but with each system seeing some different amount of
clock skew; thus, the 2 systems are out-of-phase with re-
spect to one another [26]. In timed COSPAN, it is re-
ported that a 3 stage gate-level STARI buffer ran out of
memory during state space exploration [15]. Work in [27],
however, is able to verify an abstract model of an 8 stage
STARI in 1.67 hours. Fig.3 shows that a 3 stage gate-
level STARI buffer is analyzed in 0.04 seconds for both
the BAP and POSET algorithms. The POSET algorithm
verifies an 11 stage STARI buffer in 519.12 seconds. On
the same buffer, The BAP algorithm runs in 67.5 seconds
yielding a 7.7 times improvement over the POSET algo-
rithm. This improvement is largely due to the fact that
the BAP algorithm finds the equivalent timed state space
using 40% fewer zones. Although the POSET algorithm
exhausts memory for a 12 stage STARI buffer, the BAP
algorithm completes in 24 minutes.

Fig.4 presents runtimes for the BAP and POSET al-
gorithms run on various sizes of TAG units. The TAG
unit is a circuit in the Intel RAPPID instruction length
decoder. It is instrumental to the decoder’s improved per-

formance [3]. The function of the TAG unit is to receive
an incoming pulse on a set of inputs indicating that it is
at the beginning of the next instruction. When the TAG
unit receives an incoming pulse, it looks at the length of
its decoded instruction, and then generates a pulse to the
TAG unit at the beginning of the next instruction ac-
cording to the received length. The size of the TAG unit
denotes the number of different units that send it a tag,
as well as the number of units that it can forward that
tag to. The RAPPID design is based on a TAG unit of
size 7. For performance comparison, the TAG unit is ex-
tended to larger sizes. From Fig.4, the POSET algorithm
evaluates a size 13 TAG unit in 343 seconds. The BAP
algorithm runs in 86 seconds on the same size TAG unit.
Although the POSET algorithm exhausts memory on a
TAG unit of size 14, the BAP algorithm completes on a
TAG unit of size 28 in 59 minutes.

Although the BAP algorithm improves in runtime and
zone count over the POSET algorithm for many bench-
marks, it does lose in certain examples. If an example
contains an independent loop (i.e., a sequence of transi-
tions that are completely independent of the other tran-
sitions in the system), then the state space exploration
in the BAP algorithm does not converge. This is due
to the fact that the time separations between transitions
in the independent loop and the remainder of the sys-
tem grow unbounded in the POSET; thus, an isomor-
phic zone at any given untimed state is never found in
the exploration. Fortunately, this property has only been
found in contrived examples. The next issue relates the
potential exponential explosion in the number of causal
assignments that must be evaluated for a given set of en-
abled transitions. The POSET algorithm never considers
inconsistent causal assignments because it explicitly ex-
plores all allowed orderings of place firings. The BAP al-
gorithm, however, does not explicitly explore place firing
orders; thus, it must consider all causal assignments for a
given set of enabled transitions to discover the transitions
that can fire. In certain examples, many of the causal
assignments the BAP algorithm considers are found to be
inconsistent. This adversely affects the BAP algorithms
runtime in 6 of the 149 examples. The degredation is
significant in an extreme case example where 99% of the
causal assignments are inconsistent. For this example, the
POSET algorithm runs 40 times faster than the BAP al-
gorithm. While the BAP algorithm does not improve the
complexity of timed state space exploration, it moves the
complexity to a location where it impacts peformance less
often.

Future work for this research is found in several ar-
eas. Relating to performance, determining if a causal
configuration is inconsistent currently requires the appli-
cation of a modified shortest-path algorithm with com-
plexity O(n2). This is costly in certain examples that
consider many inconsistent causal assignments. Research
to avoid generating inconsistent causal assignments, as
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well as approximating the fireable set may significantly
increase the runtime performance of BAP. The current
version of BAP does not directly support gate level mod-
els of circuits; thus, it is limited in the scope of its appli-
cation. Timed event/level structures (TELs) are a more
natural model for circuits [25]. Extending BAP to support
TELs or other circuit models will make it directly appli-
cable to many circuits. Partial order reduction has been
successfully applied to further improve timed state space
exploration [28, 29, 20, 21]. This technique considers a
restricted ordering of concurrent independent transitions
in a circuit. The work presented here can be extended
to support partial order reduction. Other work of inter-
est includes: adding in correlation to model on-chip delay
variations; introducing an inertial delay model into BAP
to handle allowable glitching; and creating heuristics that
only explore a portion of the timed state space if an error
is first found in the untimed state space.
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