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Abstract. This paper proposes a partial order reduction algorithm for timed trace
theoretic verification in order to detect both safety failures and timing failures
of timed circuits efficiently. This algorithm is based on the framework of timed
trace theoretic verification according to the original untimed trace theory. Con-
sequently, its conformance checking supports hierarchical verification. Experi-
menting with the STARI circuits, the proposed approach shows its effectiveness.

1 Introduction

Nowadays, the role of timed circuits have rapidly arisen in integrated digital circuit de-
sign. Thus, the verificationof such timed circuits is imperative. But, the cost of timing
verificationis quite high. Several approaches have been proposed in order to reduce the
average complexity of verification, i.e. symbolic methods based on BDDs and partial
order reduction. Symbolic methods are difficult to efficientlyapply to timing verifica-
tion, yet partial order reduction is one of the most promising solution to the state explo-
sion problem, e.g. [1–4]. Hence, verificationmethods in which partial order reduction
is well-suited are preferred.

One direction is a timing analysis algorithm to validate correctness in the level-
ruled Petri net [5]. Another direction is the simple timed trace theory based on timed
Petri net [6]. The partial order reduction is applied to both of them, but they are unable
to hierarchically perform verificationby using the conformation relation.

In addition, [6] has no ability to verify liveness property, i.e. only safety failures
are detected. A framework of timed trace theoretic verification based on pseudo fail-
ure is proposed in [7], in which not only safety failures but also timing failures are
examined. The timing failure is a restricted form of violation of liveness property. Prac-
tically, detecting timing failure is adequate to verify timed circuits. Moreover, even if
this approach certainly supports hierarchical structure as the original trace theory [8],
it still differs from the original one in many points. Eventually, the framework of timed
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trace theoretic verificationin accordance with the original one as well as the concept of
semimodule and semimirror allowing conformance checking has been proposed in [9].

In this paper, we propose a partial order reduction algorithm for the verification
method of the latest framework, and show its effectiveness through experimental results.

2 Timed Trace Theoretic Verification

Since our algorithm relies on the framework of timed trace theoretic verificationpro-
posed in [9], we briefly recall its idea in this section. The important notions are a mod-
ule, a semimodule, and a timed trace structure.

A module is a tuple
���������	�
�

wire � , where
�

is a set of input wires,
�

is a set of
output wires,

�
���������������	��������������� � is a time Petri net, and wire :
��� �"!#�

be
a function from a set of transitions to a set of wires. We say that if wire

�%$ �'& � , $
is an input transition, and otherwise,

$
is an output transition. In order to simplify the

analysis algorithm, we assume that for each ()& � , there exists at most one output
transition

$
such that wire

�%$ � � ( in a module. ( ��*��+$ � is used to represent such a
transition

$
especially in the figuresfor simplicity. On the other hand, we allow multiple

input transitions for an input wire ( . Thus, ( ��,.- � � , ( ��,.- � � , /0/1/ are used for such input
transitions, while ( ��,.- � is used in cases that there exists only one corresponding input
transition. Figure 1 shows examples of modules. A time Petri net is a Petri net except
that each transition

$
of a time Petri net has two non-negative rationals, the earliest

firingtime
���2�%$ � and the latest firingtime

�3�2�%$ � , and that each enabled transition must

firewithin this time bound. A timed run 4 ��5 �76�8�95 � 6%:�95 � 6%;� /0/1/ of
�

is a finite
or infinitesequence of states and transitions such that

5 � is the initial state, and
5=<?> � is

obtained from
5 <

by passing some time and then firingtransition
$ <@> � . Its corresponding

timed trace is A � A � A � /0/1/ , where A < ��� wire
��$ < � �	B < � is an event and

B <
denotes the time

when the transition
$C<

fires. DFEHGJI1K ��� � be a set of all timed traces generated by
�

.
A semimodule is the same as a module, but the corresponding timed trace structure

is distinctively defined,which is shown later.
A timed trace structure of a module L �M���������	�
� wire � , denoted by N � LO� , is a

tuple
���������QPR�	� � , where

P
and
�

are sets of timed traces definedas follows.
P

, which
is called a success trace set, is equal to DFEHGJI1K ��� � . � , which is called a failure trace set,
contains a trace S �%T"�	B �VU& P , iff either

– SW& � , or
– SW& P , BYX[Z�\]� S �	� � , T & � , or
– SW& P , BY^[Z�\]� S �	� � , _ `bac` D � S �	� �ed � .

A firstcondition is easy, i.e. any extension of a failure trace is also a failure trace.Z�\f� S ��� � is the latest time until when the firingsof all enabled transitions in
�

can be
postponed after S . For example, in Figure 1,

Z�\f�%gh��� � � is 5 in L � , and
Zi\f����j+�Qk � ��� � �

is 15 in L � .
The second condition above states the case that the net can reach the time

B
withBlXOZi\h� S �	� � , but cannot accept an input. It is considered as a failure. Note that if
T

is an output in this case, then S �%T"�	B � is neither a success nor a failure, i.e. it is called
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Fig. 1. Modules that cause a timing failure.

not possible. This difference comes from the fact that a net can control producing or not
producing an output, but cannot control an input.
_ `baV` D � S �	� � is the set of wires that correspond to the enabled transitions which deter-

mine
Z�\]� S �	� � . In the example above, _ `baV` D � g]�	� � � ��� j+�Q���

, because
Z�\f�%g]�	� � � � k

and both transitions determine this time. In the third condition,
Bl^ Z�\]� S ��� � implies

that some transition causes a time-out from _ `bac` D � S �	� � d � , because an input cannot
be controlled by the net. Hence, this must be a failure. Again, if _ `baV` D � S ��� � contains
an output wire, then S �%T"�	B � is not possible, because an output is controlled by the net,
and so, the net never reaches this time point. These considerations are summarized as
follows, where

�O� P !Y�
is a set of traces that are possible.

C1: For
T & � ! � , and

B &�� > (the set of non-negative real numbers),
1.
P � DFE GJI K ��� � ,

2. for SW& P and S �%T"�	B �VU& P ,
(a) if
BYX Z�\f� S ��� � , then
i. if
T & � , then S �%T"�	B � & �

ii. else S ��T"��B �cU& �
(b) else if _ `baV` D � S �	� �ed � , then S ��T"��B ��& �
(c) else S �%T ��B �VU& �

3. for SW& � , S �%T"�	B � & � ,
4. for S
U& � , S �%T"�	B �VU& � .

In order to definethe correctness between modules, we use notions given in [8]. ForN � � ��� � ��� � ��P � �	� � � and N � � ��� � �Q� � ��P � �	� � � such that
� � !l� � ��� � ! � � , the

intersection of N � and N � , denoted by N ��� N � , is a timed trace structure
��� �	� � � ��� � !�

�
��P �
� P � � ��� �
� � � � !"��� ��� � � ��� . Note that a trace is a failure of the intersection, only

when it is a failure of one module as well as it is possible for the other. For considering
the similar notion for modules with different wire sets, the following notions are needed.
For a timed trace � � A � A � A � /0/1/ and a set 
 of wires,

� K2_ � 
 � �+� ��� S ��� A � � �%T � ��B � � ��T � &�
A � S�������� �
definesa timed trace obtained by projecting out the events of wires in 
 , where S �� K _ � 
 � A � A � /1/0/ � . If � ��� , then

� K2_ � 
 � �+� �������
. For a set � of timed traces,

� K2_  � � 
 ��'� is the set
� �"! � K2_ � 
 � �+� &�� � . For � whose elements do not contain any wires in
 ,

� K2_  � � 
 � �'� is the set of all timed traces that can be generated by inserting any event
of 
 between any consecutive events in traces of � . This is extended for a timed trace
structure N � ���������QPR�	� � such that

� K _# � � 
 � N � � ��� ! 
 �Q��� � K2_# � � 
 ��P � � � K2_  � � 
 �
3



� ��� . Note that the inserted wires are always considered to be the inputs. The com-
position of N � and N � is defined as N � !�! N � � � K2_  � � 
 �

� N � � � � K _  � � 
 � � N � � , where
 � � ��� � !�� � ��� ��� � !�� � � and 
 �
� ���

�
!��

� ��� ��� � !�� � � . From this, N � !�! N � is failure-
free, iff

� � K _  � � 
 �
�	� � � � � K2_  � � 
 � �	� � �	� !l� � K2_  � � 
 �

�	� � � � � K2_  � � 
 � ��� � ��� ���
.

The correctness between modules is definedas follows. L � ����� � ��� � �	� � � wire � �
conforms to L �

� ���
�
�Q�

�
�	�

�
�
wire � � , if

� � � � � , � � � � � , and it holds that for
any timed trace structure � � �����i����� ��P�� �	�	� � such that

�
�
� �
�

and
�
�
�O���

, if
� !�! N � L � � is failure-free, so is � !�! N � L � � 4. This conformation relation implies that L �

behaves similarly to L � with any environment with respect to failure-freeness. From
this correctness definition,the following property is inherited.

Theorem 1.
� L � � /1/0/ � L
�  � � L
� 8 � /1/0/ � L
��� � L
� > � � /0/1/ � L�� � conforms to L
� , if� L
� 8 � /1/0/ � L���� � conforms to L
� , and

� L � � /1/1/ � L
�  � � L
� � L
� > � � /1/0/ � L�� � con-
forms to L � .

The proof is shown in [8]. This is what we call hierarchical verification.
Practically, however, considering all possible timed trace structures � is infeasi-

ble. Instead, the mirror of N � L � � can be used. Intuitively, it is a maximal � such that
� !�! N � L � � , and formally, for a timed trace structure N � ���������QPR�	� � , its mirror, de-
noted by N�� , is also a timed trace structure

��������������P����	��� � satisfying
����� �

,
���3� �

,P���� P
, and
��������� � � , where

� � �R!c�
and

���
is any timed trace over

�
. Then, it

can be shown that L � conforms to L � , iff N � L � � !�! N�� � L � � is failure-free [8], which
we call mirror property. In the untimed trace theory, for a module L � ���=�Q���	� � wire � ,N�� � LO� is coincidentally equal to N � L � � such that L �=� �����	���	� � wire � . This can be
explained intuitively as follows. Suppose that N � L � � � �������=�QP����	��� � . First,

P � � P
,

because the net is the same. In untimed systems, every trace S ��T"��B � satisfies
BMXZ�\f� S ��� � because there is no upper bound. Thus, for SW& P�� , if S ��T"��B �cU& P � is a failure,

then
T

must be an input of L � , i.e.
T & � . This is an impossible trace for L , becauseT

is an output for L . Hence,
�����!��� � � holds, and so N � L � � �O�����	����PR�"��� � � � ,

which is equal to N�� � LO� by definition.From this fact, it is straightforward to imple-
ment conformance checking for untimed systems.

Unfortunately, for timed systems, this construction of mirror trace structures is not
correct (See [9] for details). Note that such mirroring is only necessary for a module
representing a specification. Thus, in order to obtain a timed conformance checking
algorithm similar to the one of untimed case, we introduce a slightly different version
of a module for the specification. Since this is no longer a module of which timed
trace structure is definedby C1, we call it semimodule. A semimodule is also a tuple���������	�
�

wire � , but its timed trace structure
����������P �	� � , denoted by N$# � LO� , is defined

as follows.

C2: For
T & � ! � , and

B &�� > ,
1.
P � DFE GJI K ��� � ,

2. for SW& P and S �%T"�	B �VU& P ,
4 For this definition, the composition ( %&% ) can be replaced by the intersection ( ' ), because the

signal sets are common. ( � is, however, given as a set of modules in many cases where)�* ( �,+ is defined by the composition of the timed trace structures of the elements in ( � .
Thus, using composition in the conformance definition is useful.
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(a) if
BYX Z�\f� S ��� � , then
i. if
T & � , then S �%T"�	B � & �

ii. else S ��T"��B �cU& �
(b) else if _ `baV` D � S �	� �ed � , then S �%T ��B � U& �
(c) else S �%T ��B � & �

3. for SW& � , S �%T"�	B � & � ,
4. for S
U& � , S �%T"�	B �VU& � .

The idea is to modify the case for
B ^ Z�\]� S ��� � such that

���3� ��� � � holds for�
of a module

���=�Q���	� �
wire � and

���
of a semimodule

�����	���	�
�
wire � .

For a module L � ���=�Q���	� � wire � , we say that a semimodule
�������=��� �

wire � is
the semimirror of L , denoted by L # � . Consequently for timed systems, L � conforms
to L � iff N � L � � !�! N$# � L # �� � is failure-free [9].

3 Verification Algorithm

In order to describe the algorithm, we firstmake several definitionsas follows.
The state space of time Petri nets is infinite, because each clock function takes

real values. Thus, a set of inequalities is used to represent a number of different clock
functions in order to obtain the finite representations of state space. That is, a state
of a time Petri net

� <
is
��� < � � < � , where

� <
is a marking of

� <
, and

� <
is a set of

inequalities over both past and future variables of transitions. For a transition
$
, its

past variable, denoted also by
$
, represents its most recent firingtime, while its future

variable, denoted by �$ , represents its next firingtime. The variables representing older
firingsare projected out from

� <
. In the initial state, a virtual past variable � is used. It

can be considered that � represents the time when the net is initialized, and that all of
the initially enabled transitions become enabled at that time.

For � =
� L � � L � �������?� L �  � � with L < = (

� <���� <���� <	�
wire
<
) such that L � is a semi-

module,
� L � � L �

� /0/1/ � L��  � � is a set of modules, and
� < � ��� < �	� < ��� < �	��� < ����� < �����< � .

Its state is
P � ��5 � ��5 � �������?�	5 �  � � , where

5 <
=
��� < � � < � is a state of

� <
. For a transition$ & ��< , 	 $ denotes the set of source places of

$
, i.e.,

�0$ ! ��
 �	$ ��& � < � . Similarly, the set
of destination places of

$
is denoted by

$ 	 . enabled(
5f<

) =
�0$ ! $ & �3< , 	 $ d � < � and en-

abled(
P

) = � �  �<�
 � enabled
��5=< � denote a set of enabled transitions in

� <
at
5=<

, and in �
at
P

, respectively. A firabletransition
$

in � is an enabled transition that can fireear-
lier than any other enabled transitions in � , i.e. Solution

�
first
��P ��$ � ! � �  �<�
 � � < � U� �

holds, where Solution
� � � is a set of feasible vectors of

�
and first

��PR�	$ � � � �$#X�$ � ! $ � &#K���G�� _ K � ��P � � . ��E G�� _ K ��P � denotes the set of firabletransitions in � at
P

. For an
enabled transition

$
, ��� D ��$ � and

\ � D ��$ � are
$���� ���J��$ � and

$����l���J�%$ � , respectively, where$ �
is the past variable for a true parent of

$
, which is an output transition whose firing

finallymade
$

enabled most recently. These expressions represent the lower bound and
the upper bound of the next firingtime of

$
.

Our goal is to decide whether a set
� L � � L �

� /1/0/ � L
�  � � of modules conforms
to a module L �� or not, which is achieved by checking whether N � � � � N # � L � ��!�!N � L � � !�! N � L � � !�!F/0/1/�!�! N � L �  � � is failure-free or not, where L � is the semimirror ofL �� . For this purpose, the state space of � is traversed, and if every reachable state
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Fig. 2. Modules that cause safety and timing failures.

satisfiesthe following three conditions, then N$# � L � � !�! N � L � � !�! N � L � � !�!F/0/1/�!�! N � L �  � �
is concluded to be failure-free.

Condition 1
For any output transition

$ & ��EHG�� _ K ��P � of a (semi)module L < with
� X , X - ��� ,

and for any (semi)module L�� with
� X�� X - ��� such that 	�`bE?K < �%$ � & � < ,

there exists an enabled input transition
�

in L�� with 	 `bEHK
� �%� � � 	 `bEHK < ��$ � such that�
� _�� D�` � � � � ��� D ��� � ^ �$ � ! � �  �� 
 � � � � � � holds.

Condition 2
For any input transition

$ & ��E G�� _ K ��P � of a module L < with � X ,
X - ��� ,
there exists an output transition

� & ��EHG�� _ K ��P � in some (semi)module such that
Solution(

� ��'^ \ � D ��$ � � ! � �  �� 
 � � � ) =
�

holds.

Condition 3
For any input transition

$ & ��E G�� _ K ��P � of the semimodule L � , either
1. there exists an output transition

� & ��E G�� _ K ��P � in a module L < with � X ,iX- ��� such that Solution(
� ��#^ Lft

��$ � � ! � �  �� 
 � � � ) =
�

holds, or
2. there exists an output transition

� & ��E G�� _ K ��P � in the semimodule L � such that
Solution(

� ���� Lft
��$ � � ! � �  �� 
 � � � ) =

�
holds.

Intuitively, an output produced by a (semi)module must be accepted by some other
(semi)module, otherwise a failure exists. The condition 1 checks this kind of failures,
which we call safety failures. A state that causes a safety failure is called the safety
failure state. Consider the example shown in Figure 2(a), where

$
is
�2��*��+$ � of L � and�

is
�J�%,.- � of L � . Suppose that both L � and L � are modules. For timed trace S where a

transition
$

is enabled in its last state, let K�� ��$F� Sf� denote the earliest firingtime point of
$

in S , i.e., the value of ��� D ��$ � obtained by assigning
$��

to its actual firingtime in S . _�� �%$F� Sf�
is definedsimilarly. If K�� ��$F� Sf��� K�� ��� � S]� holds, then S �����	B ��& � < and S ������B �e& � � forK�� �%$F� Sf� X B � K�� �%� � Sf� , where

���
wire
< �%$ � � wire � �%� � . Hence, S �����	B � is a failure

of N � L < � !�! N � L � � . In this example, K�� ���2��*��+$ � �Cg � ���
, K�� ���J��,�- � �Cg � ���

, and so, for
example,

���J�
� ��& � � and
������� � & � � . Thus,

������� � is a failure in N � L � ��!�! N � L � � . In
this case, such modules have a feasible solution in

� ��� D �%� � ^ �$ ��! � �  �� 
 � � � , and so,
condition 1 does not hold.

On the other hand, an input expected by a (semi)module must be given in time by
some other (semi)module, otherwise a failure occurs. The condition 2 and condition 3
check this kind of failures, which we call timing failures. A state that causes a timing

6



failure is called the timing failure state. Consider an example shown in Figure 2(b),
where

$
is
�J��,�- � of L � and

�
is
j3��*��+$ � of L � . Suppose that both L � and L � are

modules, and so, this is handled by the condition 2. For timed trace S , suppose that_�� ��$F� Sf� � _�� �%� � Sf� holds and _�� �%� � Sf� is the smallest latest firingtime point among the
enabled output transitions. Then, S ���J��B �Y& � < and S ���J��B �Y& � � for _�� ��$F� Sf� � B)X
_�� ��� � S]� , where

� �
wire
<��%$ � . The former holds because _ `baV` D � S �	� < ��d � holds from

the assumption and C1. Hence, S ������B � is a failure of N � L < � !�! N � L � � . In this example,_�� ���J�%,.- � ��g � � k and _�� ��j3��*��+$ � ��g � � � � , and so, for
B � �

,
���J� � � & � � and

����� � � & � � .
Thus,
����� � � is a failure in N � L � � !�! N � L � � . In this case, such modules have a feasible

solution in
� �� ^ \ � D ��$ � � ! � �  �� 
 � � � , and so, condition 2 does not hold.

The condition 3.1 is for the case where
$

is an input transition of a semimodule L �
and
�

is an output transition of some other module such that _�� ��� � Sf� is the smallest
latest firingtime point among the enabled output transitions. This case can be handled
in the same way as the condition 2.

The condition 3.2 is for the case where output transitions with the smallest latest
firing time point exist only in L � . In this case, we further need to consider a special
case where such an output transition

�
has the same latest firing time point as

$
, i.e.,

for timed trace S , _�� �%� � Sf� � _�� �%$F� S]� holds. Consider the example shown in Figure 1
again where

$
is
j3�%,.- � of L � and

�
is
�2��*��+$ � of L � , but suppose L � is a semimodule

this time. Since L � is a semimodule and _ `baV` D � S ��� � � contains the input transition
$
,S ��j+��B � & � � holds from C2 for _�� �%$F� Sf� � B XOB$� , where

j#�
wire � �%$ � and

B$�
is the

smallest _�� ��� ��� Sf� among the enabled output transitions
� �

in modules L � �������@� L �  � .S ��j+��B � & � < for modules L < with � X ,WX - � � from
B X B$�

. Hence, S ��j+�	B � is
a failure of N � � � . In this example, _�� ��j3�%,.- � �Cg � � _�� ���2��*��+$ � �Cg � � k hold in L � ,
and _�� ��j3��*��+$ � �Cg � � � � . Thus, for

B � �
,
��j+� � ��& � � and

��j+� � ��& � � , and so
��j+� � �

is a failure in N � L � � !�! N � L � � . Thus, the condition 3.2 correctly handles this case by
modifying the equality in

� �� ^ Lft
�%$ � � of the condition 3.1 to

� �� � Lft
�%$ � � .

4 Partial Order Reduction for Timed Trace Theoretic Verification

In this section, the idea of partial order reduction for timed trace theory is proposed.
Also, the difference between the proposed idea and [6] is discussed.

The concept of partial order reduction is to generate some subset of possible suc-
cessor states as long as the correctness is not affected. We call a state space generated
according to this principle the reduced state space. For timed trace theoretic verifica-
tion, the reduced state space ��� = (

P
� , ��� ) should be constructed such that it satisfies

the following conditions with respect to the full state space ��� = (
P
� , �	� ), where

P
�

and
P
� are the sets of reachable states for a set of (semi)modules, and � � and � � are the

transition relations between states ( �
�
� denotes the transitive closure of � � ). A transi-

tion relation is a set of tuples ( 

�	$F�


�
) such that 


�
is obtained from 
 by firingan output

transition
$

and its corresponding input transitions.

[PT1]
P
� includes the initial state, and for 
�& P � , if 
 has successors in ��� , then 
 has

at least one successor in ��� .
[PT2] For 
 & P � , if

7



No timing
failure
exists.

�
�

�
�

Timing
failure
exists.

� � � �
�

� � � �

� 	
� 	

��� ��� �� 	 *�� + *�� +

�
� � � �

� � � �

� � � 	

Fig. 3. (a)
� � disables

� 	
. (b)

� � hides a timing failure.

– ( 

�	$ � � 
 � ) & � � , and

– there exists a sequence � such that ( 

�
�
�

 � ) & � �� , � 
 � �	$ � � 
 � � � & � � , ( 
 �

�
�
�


�
)

& � �� , � $ � =
$
� . . . (if � is empty, then

$
� =
$
� ), and the firingof

$
� is necessary

for the firingof
$
� , but

–
$
� is not enabled in 


�
(see Fig. 3(a)),

then ( 

��$ � � 
 � ) & � � implies ( 


�	$
�
�

 � ) & � � .

[PT3] For 
 & P � , if
– ( 

�	$ � � 
 � ) & � � , and

– there exists a sequence � such that ( 

�
�
�

 � ) & � �� , � =

$
� . . . , and 
 � has a

timing failure, and
– ( 
 �
�
�
�


�
) & � �� , but

– states from 
 � to 

�
along � have no timing failure (see Fig. 3(b)),

then ( 

��$ � � 
 � ) & � � implies ( 


�	$
�
�

 � ) & � � .

[PT1] is vital, because a new deadlock state must not be introduced in ��� . [PT2]
is for handling conflicting transitions. This is depicted by Figure 4(a). In Figure 4(a),
since a firingof

$ � immediately disables
$
� , if � � has only a successor by

$ � in 
 , then
we miss the firingof

$
� . Thus, [PT2] fires

$
� which is equal to

$
� in this case

�
�
� g � .

Moreover, a conflict may occur indirectly as shown in Figure 4(b). Suppose that
$ � is

in conflict with
$
� , but
$
� is not enabled in 
 . In this case, the firing of

$ � does not
disable

$
� directly. However, the firingof

$
� , which will become possible when firing$

� earlier than
$ � , may be missed, if � � contains only the firingof

$ � in 
 . Thus, it must
also contain the firingof

$
� in order to retain the possiblity that the firingof

$
� occurs.

[PT3] is for handling transitions hiding timing failures. Such a transition is an enabled
output transition that has the larger latest firingtime point than the others. For example,
consider the modules illustrated in Figure 5. If

�J��*���$ � firesat 10, then a timing failure
occurs in the resultant state, because

j3��*��+$ � can firelater than _�� ��j3�%,.- � � ����� � � �	� �
	 � .
On the other hand, the current state is not a failure state, because

�2��*��+$ � always fires
earlier than _�� ��j3�%,.- � �Cg � ��	 �

. Also note that
j3��*���$ � is firablein this state. Therefore,

if
j+��*���$ � is firedin this state, the above timing failure is never detected. In other words,j+��*���$ � hides the timing failure, and it corresponds to

$ � of Figure 3(b). Hence, [PT3]
forces
�2��*��+$ � to fire,if

j3��*��+$ � is chosen for firing.
Due to the ignoring problem [1], we require that time certainly passes in any loop

structure in any time Petri net in the module set and the latest firingtime of each output
transition is bounded. This is necessary to prove the correctness of the partial order
reduction algorithm.

8



t
[1,5] [2,10]

1 t3

(a)
t

[1,5] [1,5]
1 t3

(b)

[1,2]
t2

Fig. 4.
� � disables

� 	
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Fig. 5.
� *���� � + hides a timing failure.

5 State Enumeration

This section briefly describes how to traverse the reduced state space of a set of (semi)-
modules. The main idea is similar to that of [6]. Recall that we defined a state of a
set of (semi)modules by

P � ��5 � ��5 � � �����?�	5 �  � � , where
5�<

=
�%� <	� � < � is a state of� <

. Here, we modify this definitiona little for easier presentation. Let
� � � �������?�	� �  � �

denote a set of time Petri nets that compose the set of (semi)modules, where
� < ���� <��	�3<��	� <������F<������F<C�	���< � . We definethe state of

� � � � �����@��� �  � � by
���� � � � , where

�� d
� �  �<�
 � � < is a marking of all the nets and

�
is a set of inequalities.

The initial state of
� � � �������@��� �  � � is

���� � � � � � , where

–
�� � � � �  �<�
 � ���< ,

–
� � = � ” ���J��$ � X �$ � � X'���J��$ � ” ! $ is an output transition such that

$ & enabled(
�� � ) �

Recall that �$ in
� � is the future variable used to represent the next firing time

of an output transition
$
, and � is a virtual variable to synchronize the nets at the

initial state. Note that we only consider the output transition variables for the state
space enumeration, because an input transition

$
of L � � ��� � ��� � �	� � � wire� � syn-

chronizes with out trans
�%$ � , where out trans

�%$ � is the output transition that corre-
sponds to

$
, i.e., out trans

�%$ � � $ � such that wire
< ��$ � � � wire� �%$ � , $ � & � < , � < ���� < �	� < �	� < ����� < ����� < �	���< � , wire

< ��$ � �Y& � < , and L < � ��� < �Q� < �	� < � wire
< � . Furthermore,

we extend this notation by defining out trans
��$ � � $ for an output transition

$
. en-

abled is extended for
��
, that is, enabled

���� � � � �  �<�
 � enabled
�%� < � .

Then, the set of successor states is obtained from a state 

� ���� � � � by firingan

output transition
$
. The output transition

$
is chosen from a set E?K G ��� � 
 � . The E?K G ��� � 
 �

is the possibly smallest set of firable transitions that satisfies [PT1],[PT2] and [PT3].
The ready set construction is described in the next section.

Sometimes more than one successor state 

�i� �������� � � � can be produced from a

state 
 and an output transition
$ & ready

�

�� . Those successors have the same marking

9



part
����

satisfying
������ � �  �<�
 � ���< such that

� �< � � �%� < � 	 $ � � ! $ � 	 if
� <

has
$ � & sync trans

�


�	$ � �� <

otherwise
�

where � � �JI DFE G���� � 
 ��$ � be the set of enabled transitions that firesynchronously with
$
,

i.e.,
� $ � ! $ � & K �JG�� _ K � ���� � � � �0D DFE G���� �%$ � � � $ � .

To obtain the inequality part
� �

of each successor, we firstdefine
� � as follows.

� � � � ! � �$eX �$ � ! $ � &lE?K G ��� � 
�� �e!�� $ � �$ �
This expresses the constraint that the firingtime of

$
is smaller than those of any other

transitions in ready(s). Since
$

fires,its future variable �$ is copied to its past variable
$
.

Let I � ���+` I D ��� � be the set of transitions conflicting with
�

, i.e.,
�0� � ! 	 � � 	 � � U� � � .

Furthermore, for a set � of variables and a set
�

of inequalities,
� �R� � K2_ K1DCK � � � �"�

is a unique set of inequalities over �JG2E � � �
��� , such that the solution set of
� �

is
equal to the solution set of

�
, projected on �JG E � � � �	� , where �JG E � � � denotes the

set of variables appearing in
�

. Since the transitions
�

in � � �JI DFE G���� � 
 �	$ � also firedat
the firingof

$
, the enabled output transitions

$ � &7I � ���+` IFD �%� � for
� &
� � �JI DFE G���� � 
 �	$ �

are disabled by the firingof
$
. Thus, the variables for those disabled transitions are no

longer necessary, and the following
�
� is obtained by deleting those variables for the

disabled transitions.

�
�
� � K _ K DCK � � � � � �$ � ! $ � is an output transition in K �JG�� _ K � ���� � � I � ���+` I D ��� �

for
� &�� � �JI DFEHG���� � 
 ��$ � � �

Next, the true parents of newly enabled transitions are determined. Let � � 
 � 
 � ��$ � ��%$ � ��$ � � �����?��$ � � denote the set of newly enabled output transitions in a successor 

�

of

 by
$
. Note that it includes the transitions that become enabled by the firingsof input

transitions in � � ��I DFEHG���� � 
 �	$ � . Consider a transition
$C< & � � 
 � 
 ���	$ � . If

$C<
has more

than one source place, i.e. ! 	 $C< ! ^ � , we need to decide among the candidates � �%$C< �
of the true parent of

$C<
which transition really enables

$C<
, where � ��$C< � � � � ! � &� � D DFE G���� � 	 	 $ < � � ��G E � � � � � . Since we have choices of a true parent for each newly

enabled transition in � � 
 � 
 ���	$ � , we have successors which correspond to the possible
combinations of true parents. Here, consider one of such combinations

�%� � �	� � �������?��� � �
for � � 
 � 
 ����$ � �M��$ � ��$ � �������?��$ � � , where

�+< & � ��$C< � is the true parent of
$C<

. The timing
constraint needed for it is that

�+<
can fire later than the other true parent candidates.

That is, �
�
� �

�
! �

��
 < 
 �
� � X7� < ! �
&�� ��$ < � �

Finally, ��� � �
�
! �

��
 < 
 �
� ���J�%$C< � X �$C< � �3<RX7���J�%$C< � �

decides the firingtiming of
$ <

based on
� <

,
���J�%$ < � , and

���J�%$ < � . This
� �

has all necessary
information for the inequality part of 


�
. It, however, still contains some unnecessary

past variables, and deleting them is necessary to make the state space finite. A past
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variable
�

is necessary, if the transition
�

has some chance to become a true parent of
some currently disabled transition

$
such that

� 	 � 	 $ U� �
, or the transition

�
is a

true parent of some enabled transition. The former condition is considered in [6], but
the latter is a new condition needed in our method because a transition which is a true
parent of some enabled transition must be kept 5 in order to detect the safety and timing
failures as mentioned before and construct the ready set which is described in the next
section. Therefore, the set 
 of unnecessary past variables can be definedas follows.


 ��� � ! for every
� &�� � �h� and �
&�� �%� � � either (1)

� 	 � 	 � Ud �� � �
or

(2) � U& K���G�� _ K � ���� � � and � � ��G E?K��0D ��� � � � �� � � ��� � � or

(3) �
& K���G�� _ K � ���� � � and
�3�2� �+� ��� and � � �	G �%K D � ��G `b_�� EHK � � � �� � � ��� � � �

� � �]� � � � ! � � � � D DFEHG���� ��� � � �
� �%� � � � � ! � is an output transitions such that

� 	 � 	 � U� � � �
where � � �JG2EHK � D �%� � � � �� � � � is a predicate representing that

� �0D DFE G���� �%� � can never be-
come a true parent of the transition � under

��
and

�
. Formally, it is true, iff for some
 & 	 � � � 	 � ��

, and for every pair
� S ��T � with

T & 	 
 and S�& enabled
���� � ,

Solution(
� � �0D DFE G���� �%� � � �S � diff

� S ��T � � ! � ) =
�
, where diff

�%$ � �	$ � � represents the
minimal values of sum of earliest firingtimes in all paths (input transitions are linked
to their corresponding output transitions and the earliest firingtimes of output transi-
tions are used.) from an output transition

$ � to another output transition
$
� , with

���J�%$ � �
not included. And, � � ��G �%K D � ��G `b_�� EHK � � � �� � � � is a predicate representing that a safety
failure can no longer be occurred by an input transition � , and so, it is not necessary
to keep the true parent of � in order to check the safety failure. Formally, it is true iff� $ &7K �JG�� _ K � ���� � � � ,

�
� _��0D�` � � � � ��� D � �3� ^ �$ �i! � � � � holds. Hence, the inequality
part

� �
of a successor state of 
 by

$
is obtained as

� � � � K2_ K DCK � ��� � 
W� .
The state space is traversed in the depth first search manner checking safety and

timing failures as long as a new successor state that is not covered by any other reached
states is obtained, where a state 


� ���� � � � is covered by state 

��� �������� � � � , if

��
� ����
and the solution set of

�
is a subset of that of

� �
.

6 Ready Set Construction

A ready set must be constructed according to the idea of the partial order reduction for
timed trace theory mentioned in Section 4. Thus, all transitions in the ready set must
satisfy [PT1], [PT2], and [PT3]. For [PT1], some firableoutput transition is included in
the ready set, if it exists. Suppose that

$ � &'E?K G ��� � 
�� . If
$

has no conflicting transitions,
i.e., I � ���+` IFD �%$ � � � �0$ � � , then

� $ � � can be a ready set. Otherwise, for example, if there
exists a disabled transition

$
� which is in conflict with

$ � , then in order to satisfy [PT2]
the ready set must include a firableoutput transition whose firingis necessary to enable$
� in the future. In the example shown in Figure 4(b),

$
� is such a transition. Further-

more, if
j3��*���$ � is in the ready set in Figure 5, then

�J��*��+$ � must be included in the ready

5 In the actual implementation, in order to reduce the number of variables, input transitions with� �
	���

are handled in the same way as [6] instead of keeping their true parents.
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b(out)

Fig. 6. No firable output transitions are chosen by � ����� �����	�
* � + .

set from [PT3]. We call such
�J��*���$ � a limiting transition. That is, a limiting transition

is a firableoutput transition such that its latest firingtime point is smallest among the
firibleoutput transition of all (semi)modules.

The ready set construction starts from findinga limiting transition. First, consider

_ `baV` D�` ��
 � 
�� ���0$ ! � � & ��EHG�� _ K � 
 ��� � $ � �
Solution

� � �$e^ Lft
� � � D DFE G���� �%� ��� �e! �  

��<�
 �
� < � � � ���

The transitions in _ `bac` D�` ��
 � 
�� have certainly smaller latest firing time points than the
other firable transitions. In the example of Figure 5, _ `bac` D�` ��
 � 
 � � � �J�J��*��+$ � � . If it is
nonempty, any singleton subset of _ `baV` D�` ��
 � 
�� can be used as a seed of the ready set,
because firingsuch a transition does not hide the timing failure anyway. This condition
is, however, sometimes too strong. For example, in the net shown in Figure 6, neitherj+��*���$ � nor 


��*��+$ � satisfies this condition, i.e., _ `baV` D�` ��
 � 
�� � �
. This is because the

state 
 does not distinguish situations obtained by different firingtimes of
�2��*��+$ � , i.e., if�J��*��+$ � firesbefore time 5, then 


��*���$ � has smaller latest firingtime point than
j+��*���$ � ,

and otherwise,
j3��*��+$ � has smaller latest firing time point than 


��*���$ � . We solve this
problem in a conservative way such that if _ `baV` D�` ��
 � 
�� is empty, then the set of all
firableoutput transitions is used as a seed of the ready set.

The seed of the ready set obtained in this way satisfies[PT1] and [PT3]. In order
to satisfy [PT2], the seed should be extended such that for any transition

$
in the set,

the set includes the dependent set of
$
, where the dependent set is definedbelow. Note

that this process is the same as the one presented in [6], and so, only its intuitive idea is
described here. The details are shown in [6].

The necessary set for a transition
$

is
�0$ �

, if
$

is enabled. Otherwise, it is a set of
enabled transitions such that

$
can never be enabled if none of those transitions is fired.

For example, the necessary set for
$
� is

�0$
�
�

for Figure 4(a), and
�0$
�
�

for Figure 4(b).
The dependent set

� K��2K � � K��0D � 
 �	$ � for a transition
$

in 
 is a set of transition that satisfies
(1)
$ & � K��2K�� � K � D � 
 �	$ � , and (2) if

� & � K��2K�� � K � D � 
 �	$ � , then the necessary sets for all
the transitions that conflict with both

�
and those synchronized with

�
are included in� K��2K � � K��0D � 
 �	$ � . This set contains transitions that should be firedwhen
$

is firedin 
 .
For example, the dependent set for

$ � is
�0$
�
�

for Figure 4(a), and
� $
�
�

for Figure 4(b).
In the latter case, if the path from

$
� to
$
� takes a long time, and

$
� cannot actually

conflict with
$ � , then

$
� does not have to be in the dependent set. Thus, the sum of the
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Fig. 7. Specification and environment of STARI circuit.

earliest firingtimes of transitions in such a path can be used to decide this possibility.
Also note that

� K��2K�� � K � D � 
 ��$ � may contain nonfirable transitions. In such a case, all
firableoutput transitions are used for

� K��2K � � K��0D � 
 �	$ � again conservatively.
Moreover, if some (semi)module contains independent loop structure, our algorithm

may not terminate [6]. This is because the time differences of concurrent transitions in-
crease without converging. This situation can be detected by checking that the time
differences exceed some constant value. In such a case, again the set of all firabletran-
sitions is used for the ready set, meaning that the algorithm temporally reverts to the
full state space enumeration.

7 Experimental Results

To show the performance of the proposed method, we have implemented it based on
a tool VINAS-P [6]. This section demonstrates the proposed method with the STARI
circuits [10, 11].

The STARI circuit is composed of a number of FIFO stages. A two-stage STARI
circuit is shown in Figure 7(a). These gates are modeled by the timed Petri nets. In
[11], the verification of this circuit with respect to the following three properties is
demonstrated: (1)

j

1( � goes low (i.e. the current data is moved to the next stage.)

earlier than the separator is given in
� � � $F� � ��� � , (2) a new data is ready in

� � 	J$F� � 	 � �
earlier than

j

1(�� goes low (i.e. the receiver samples the data.), and (3) no hazard occurs

at any gate. In addition to these properties related to the event ordering, we verify the
following timing properties for

-
-stage STARI circuits with

-��
� in this experiment:

(4) ack1 goes low within 4 time units after a new data is sent from the sender and at least
7 time unit before the next separator is sent, (5) a new data is ready in (x2t,x2f) within
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Fig. 8. Sub-circuit and its specification for hierarchical verification.
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Fig. 9. CPU times for verifications of STARI circuits.

2 time units after ack3 goes high and at least 9 time unit before ack3 goes low again. To
express these whole properties, we use the time Petri net shown in Figure 7(e).

Here, the experiments have been done on a 2.8 GHz Pentium 4 workstation with
4 gigabytes of memory. We have verified the STARI circuits by using the total order
method and the partial order method to compare their performances, where in the to-
tal order method, the ready set contains all firable output transitions. Moreover, we
have hierarchically verifiedthese circuits with the partial order method as well. In this
experiment, we first verify a one-stage STARI circuit with its specification shown in
Figure 8. Note that this specificationis obtained by analyzing the behavior of the one-
stage STARI circuit. The verificationof such a sub-circuit and its specificationshould
be done for stages with different initial markings. Once those verificationssucceed, ev-
ery stage-circuit is replaced by its corresponding specification,which is much smaller
than the circuit model, and it is verifiedthat the set of those sub-specificationsconforms
to the original specification(Figure 7(e)).

Figure 9 shows the CPU times for verificationsof
-

-stage STARI circuits where the
x-axis shows

-
. Note that ”Partial(hierarchical)” includes the verificationruns for sub-

circuits. These results show that the performance improved by partial order reduction
is significant,and the hierarchical verificationis much more powerful. One disadvan-
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tage of the hierarchical verification is that the sufficient sub-specifications should be
prepared by users.

In addition to these experiments, we have run the XOR chain example in [12] to
compare the proposed method with Minea’s work. According to our results, the example
is very sensitive with the delay bounds of the XOR gates, which is not specified in
his thesis. Thus, fair comparison is not easy. One fact is that the total order method
outperforms our partial order method in this example, although it has some amount of
concurrency. This is probably because this example contains many almost independent
loops, which makes the visited state checking difficultin the partial order method (the
details can be found in [6]).

8 Conclusion

In this paper, we have proposed a partial order reduction algorithm for a timed trace
theoretic verification.Our algorithm can hierarchically verify timed circuits and detect
a kind of liveness failures (i.e. timing failures). Experimental results obtained from
the STARI circuits by using the partial order reduction show the effectiveness of the
proposed method.

We are planing to do a case study to verify a practical system for showing the
usefulness of the proposed method.
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